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About This Book 


mw This is not an ordinary textbook. Nor is it even an ordinary work- 
book. It is called a program. It makes use of a teaching method called 
programmed instruction to help you learn better. In this program you'll 
see a series of numbered sections called frames and in each frame you 
will be asked a question. You'll learn by answering the questions. 

There are two important things you should know about programmed 
instruction. The first is that a program is not a test. You won't be graded 
on how many questions you answer correctly, When you finish answer- 
ing a question you are allowed to lift the flap of the Flexitab© binder 
to look at the correct answer. (But be sure not to look at the printed 
answer until you have finished giving your own answer.) 

The second important thing is that you should work at your own 
speed. If you take your time and answer carefully you'll learn better 
than if you “race” through the program. 

In this program the questions fall into two types: fill-in and multiple- 
choice. You answer fill-in questions by writing your answer in the 
blank. You answer multiple-choice questions by circling your choice. 
Then you lift the flap and look at the answer column to find out 
whether you answered correctly. If you did, you should go on to the 
next frame. If you didn't, you should cross out the wrong answer and 
write the correct one. Here are two examples to get you started: 


1. The first president of the U. S. was George ; Washington 


2. The second president of the U. S. was John —-?—. 


a. Hamilton b. Adams c. Roosevelt b. Adams 


Did you answer correctly? If not, go back and write the correct 
answers. 

Now you can begin the program. You start on page 1 and use the 
right-hand pages. The left-hand pages will be upside down and you 
needn't even look at them. When you get to the end of the book, turn 
the program upside down and continue through the rest of the frames. 
If you have any questions about the program, be sure to ask your 
teacher. 
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STRANGE NUMBER FACTS 


@ Suppose one of your classmates came up to you and said, “4+3= 10.” 
You would probably figure that he had forgotten his arithmetic facts. 
It would be hard for you to understand how a person could make such 
a statement as “4 + 3 = 10.” 

In this book you are going to see that sometimes 4 + 3 does equal 10. 
You will also see that sometimes 4 + 3 = 11 and sometimes 4 + 3 = 12. 
The mystery behind all these statements will be unfolded for you in 
this book. You will soon see why a statement such as 4 + 3 = 12 can be 
true even though it sounds ridiculous to you at the present time. 

The subject you are going to study involves much more than “un- 
usual” arithmetic facts. You will be taking a brand new look at much 
of the arithmetic you already know, but before long you will find your- 
self discovering new arithmetic facts, methods, and patterns. For what 
might be the first time in your life, you will be understanding mathe- 
matics rather than simply memorizing facts and methods. 

The world of mathematics plays a role in almost every great ad- 
vancement in today’s modern space age. You are now going to take 


your first step into an interesting and important part of this world. You 
are going to study about number bases. 


[1] 


Collecting Coins 


1. 


One day, Pete’s father gave him 2 quarters, 3 nickels, and 1 penny. 
Altogether, Pete’s father gave him ——?. cents. 


a. 231 b. 66 c. 6 


Pete’s sister, Monica, had 1 quarter, 2 nickels, and 4 pennies. Alto- 


gether, Monica had cents. 


' Here is a picture of some quarters, nickels, and pennies: 


cents. 


The value of these coins is 


The value of a silver dollar, a dime, and a penny would be 111 
cents, And the value of 2 silver dollars, 3 dimes, and a penny would 


be _______ cents. 


A silver dollar, 4 dimes, and 4 pennies would have a value of 


cents. 


If Monica had the coins shown below, she would have 


Gz) ) )) 


[2] 


b. 66 


389 


62 


231 


144 


112 


7. Pete saved his money in a bank that looked like this: 


See ee ee ee 


He put only quarters in the quarter holder, only nickels in the 
nickel holder, and only pennies in the penny holder. He couldn't 
put dimes in any of the holders. In order to save a dime, he would 


change it to nickels. 


8. If he wanted to save a fifty-cent coin, he would change it to 


quarters. 


9. And if Pete’s father had given him a dollar bill, he could have 


saved it in his bank by changing it to quarters. 


10. If Pete had 2 quarters, 4 nickels, and 3 pennies, the coins in his 
bank would look like this: 


In the quarters holder, there are 


quarters. In the nickels 


holder, there are nickels. And in the pennies holder, there 


are pennies. 


[3] 


11. The picture below represents quarters, nickels, 
and pier Sear eens mene 


cents. 


12, ‘The value of the money in the last frame is 


15. The value of the ee ce amma alae in the bank shown below is 


QUARTERS [cl lel 


[4] 


cents. 


2, 4 


73 


31 


26 


50 


\6. When Pete described his fortune to Monica, he used numerals 
arranged in the same order as the holders in his bank. For example, 
231 (read “two, three, one,” not “two hundred thirty-one” ) meant 


2 quarters, 3 nickels, and 1 penny. Altogether, Pete had 
cents. 


quarter(s), 


7. If Pete were to sav 2 43, he would mean 


nickel(s), and penny (ies). 


8. One day Pete’s bank looked like this: 


Pete would say 1 2 3 to Monica to mean that he had 


nickel(s), and penny (ies). 


quarter(s), 


9. Pete would describe the bank below by saying ——?—. 
ENS hal bel 23 ec 213 


0. If Pete had only 2 pennies in his bank, he’d say 2 to Monica. And 


if he had only 3 pennies in the bank, he'd say 


I. If he had a nickel and a penny, he would say —-P—. 
a. 51 [bee teal 


[5] 


66 


ec 218 


22. 


23. 


24, 


25. 


In Pete’s system, 1 nickel and 2 pennies would be written 


as 


Pete would say 1 0 (read “one, zero”) to represent nickel(s) 


and penny (ies). 


If Pete had a quarter, a nickel, and a penny, he’d say 1 1 1. If he 


~ had only a quarter and a nickel, he’d say 1 1 0. If he wanted to 


show that he had 2 quarters and 1 nickel, he’d have to say ——P-—. 
a. 210 b. 102 c. 21 


The meaning of 2 0 1 in Pete’s system is quarter(s), 
nickel(s), and 1 penny. 
. The meaning of 3 0 0 in Pete’s system is quarters, 


nickels and 


penny (ies). 


In Pete’s system, 3 nickels would be written as ——-P—. 
a. 3 b. 80 


In Pete’s system, 2 nickels would be written as 


In Pete’s system, 4 nickels would be written as ——-?—. 


a. 4 b. 40 c. 400 


In Pete’s system, 2 quarters and 2 pennies would be written 


as 


[6] 


12 


a. 210 


3, 0 


b. 30 


20 


b. 40 


202 


31. To mean 0 quarters, 2 nickels, and 3 pennies, Pete wouldn’t say 


0 2 3. He'd simply  ——— 23 


32. Pete would say _______ to mean 3 quarters and 1 penny. 301 


33. Represent each of the following in Pete’s system: 


iP 2 quarters and 2 pennies Ss 202 
2. 4 quarters and 1 nickel Coen 410 
3. 1 nickel pe 10 
4, 3 quarters 20 en 300 
5. 2 quarters and 1 nickel Peete; 210 


34. Here are some numerals that Pete used to describe his savings to 
Monica. Find the number of quarters, nickels, and pennies he had 
in each case. 


ile 302 quarters 8 
nickels 0 
pennies 2 
2. 134 quarters 1 
nickels 8 
pennies 4 
3 4 quarters 0 
nickels 0 
pennies 4 
4, 400 quarters 4 
nickels 0 
pennies 0 


[7] 


quarters 


nickels 


pennies 


35. In each case below, tell how many cents Pete had. 


75 


iL. 300 cents 

2. 103 cents 

3. 100 cents 

4 4, 210 cents 
5. 444 cents 

6. 10 cents 

1 21 cents 

8. 14 ——_—_.__ cents 

9. 302 = cents 

10. 4 —_______ cents 


36. Now, let’s suppose Pete received 11 cents from his dad. He could 
put 11 cents into his bank in several different ways. For example, 


he could put in nickel(s) and 1 penny. 


37. He could also put in 1 nickel and pennies. 


38. A third way would be to put in 


pennies. 


‘9. If Pete uses 2 nickels and 1 penny, he only puts in coins. 


[8] 


40. 


Al. 


42. 


43. 


45. 


46. 


47, 


With 1 nickel and 6 pennies, he puts coins into his bank. 


If he uses only pennies, then he puts coins into the bank. 


Since there are three ways of changing 11 cents, let’s agree to use 
the one that requires the least number of coins. That is, if Pete 


wants to save 11 cents, we'll have him put nickel(s) and 


penny (ies) into his bank. 


17 cents may be put into Pete’s bank in any one of the following 
combinations: 


ip 3 nickels and pennies 
2. 2 nickels and pennies 
3. 1 nickel and pennies 

4, 0 nickels and pennies 


. The way to use the least number of coins in putting 17 cents into 


Pete’s bank is to use nickels and 


pennies. 


We write 18 cents in Pete’s system as —?—. 
a. 28 b. 33 


In Pete’s system, 22 cents is represented as ——?—. 


a. 42 b. 37 


In Pete’s system, 19 cents is written as 


[9] 


11 


12 


17 


8, 2 


a. 42 


84 


48. 


49. 


50. 


51. 


52. 


53. 


In Pete’s system, 24 cents is 


Using the least number of coins, Pete can put 25 cents into his 


bank by using quarter(s), nickel(s), and 
penny (ies). 
In Pete’s system, 25 cents can be expressed as ——P—. 
a 050 b. 50 ce. 25 
In Pete’s system, 27 cents is written as —-P—. 
a. 102 b. 201 ce. 52 


And in Pete’s system, 30 cents is written as 


Write in Pete’s system each of the following amounts of money. 
Use the smallest number of coins. 


UF 78 cents 
2. 12 cents 
8. 23 cents 
4, 100 cents 
5. 50 cents 
6. 114 cents 
Ms 80 cents 
8. 42 cents 
9. 8 cents 
10. 28 cents 


[10] 


44 


1, 0,0 


a. 100 


a. 102 


303 


13 


103 


From Banks to Bases 


54, 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


Instead of using the words quarters, nickels, and pennies, as Pete 
did, we’re going to make a new system, in which we'll use the word 
one instead of Pete’s penny. That is, we'll say 4 —-?—— instead 
of 4 pennies. 


a. ones b. cents 


Just as 5 of Pete’s pennies make a nickel in our system, 5 ones 
will make a five. That is, instead of the word nickel, we'll use the 
word ——?—. 


a. one b. five 


Where Pete would say “2 nickels and 3 pennies,” we're going to 


SA 2 a NP 


And 8 fives and 2 ones would be the same as 


and in Pete’s system. 


When we write 1 4 in our new system, we mean 1 five and 4 ones. 


When we write 4 3, we mean five(s) and one(s). 


We're really using Pete’s system, except that we're using fives and 


ones instead of the ___———CsCsSs— arn FS ——CCCséthat 
Pete used. 


Pete wrote 1 3 to mean eight cents. When we write 1 3, we'll mean 


five(s) and 


one(s). 


eight, because 1 3 means 


Ordinarily, when you see a numeral such as 23, you read it as 
“twenty-three” and you mean 2 tens and 3 ones. 


The numeral 32 means3___——S aan 2, 


[11] 


a. ones 


b. five 


fives, ones 


8 nickels 


2 pennies 


4,3 


nickels, pennies 


1,38 


tens, ones 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


We say numerals such as 23 and 32 are written in base ten. It is 
called the base ten system because the 2 in the numeral 23 means 
2. ——?P-—_., 


a. ones b. fives c. tens 


When Pete wrote 1 3 to mean a nickel and 3 pennies, he was using 
a base system other than base ten. He was using base ——?P—. 


a. one b. five c. six 


five(s) and 


If you write 2 3 in base five, you mean 
one(s). 


So that you will know that 2 3 is in base five when you see it, well 
write the name of the base in letters after the numeral. For ex- 
ample, 2 3 in base five will be written as 23 tive. 


The numeral 14 ,;, is written in base 


The numeral 25 ,even is written in base 


And the numeral 231 ,;n- is in base 


Just as you were able to understand Pete’s way of describing his 
savings, you will be able to understand numerals written in other 


bases. 
For example, 23 tive corresponds to 2 3 in Pete’s coin system. 


one(s). 


That is, 23 ,,. means five(s) and 


If we translate 23 4. to base ten, then, we get ——?—. 


a, 13 ten b. 23 ton ©. 25 ten 


sixes and ones. 


When we write 23 .ix, We mean 


[12] 


c. tens 


b. five 


2,3 


six 


seven 


nine 


2,38 


a. 18 ten 


2,38 


71. 


72. 


735 


74. 


75. 


76. 


ee 


So 23 i. means ——?—— in base ten. 


a. 93 ten b. 18 ten Cc. 15 ten 


The numeral 23 ;,u, means 2 fours and one(s). 


Tf we want to transform 23 ,.u, to base ten, we add 2 fours to 3 ones. 


This sum, written in base ten, is 11 ten. 


If we want to transform 12, to base ten, we add 


four(s) to ______ one(s). This sum in base ten is 


ten‘ 


The value in base ten of 32 ¢ou is 


ten‘ 


The numeral 26 ,eyen Means seven(s) and one(s). 


So 26 seven is the same as 


ten 


The numeral 10 seven is 


ten* 


Transform each of the following numerals to base ten: 


1. 10 three = tea 
2. 10 sine = ted 
3. 10 eignt = eas 
4, 10 two = ies 
5 10 ax = = 


c. 15 ten 


2,6 


14 


2,6 


78. Transform each of the following numerals to base ten: 


1. 20 three = ———— ten 
2. 30 nine = ———— ten 
8. AO seven = oe 
4. 50 ax = sit 
5. 70 nine = ——— ten 


79. Change each of the following numerals to base ten: 


A 21 three = ———— ten 
2 14 gis = ten 
3. 32 nine = ———— ten 
4. 55 seven = ———— ten 
5. 17 cient = ———— ten 


Positional Notation 


80. In base ten, if you see the numeral 2 j.n, you know that the 2 means 
2 ones. And if you see 20 ten, you know that the 2 means 2 tens. 
In other words, the position of the 2 tells. you what number it 


represents. 
The 2.in 200 ,., means 2 —?-—. 
a. ones b. tens c. hundreds 


81. The 7 in 7 ten means 7 —?—. 


a. ones b. tens c. hundreds 


82. The 7 in 70 ,., means 7 ——?P—. 


a. ones b. tens c. hundreds 


[14] 


80 


63 


15 


c. hundreds 


a. ones 


b. tens 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


And the 7 in 700 ,., means 7 ——?—. 


a. ones b. tens c. hundreds 


In base ten, the 7 in 70 ten is ——?—— times the 7 in 7 tcn- 


a. one b. ten c. one hundred 


And the 7 in 700 ten is ——?-—— times the 7 in 70 ten. 


a. one b. ten c. one hundred 
In base ten, the 4 in 40 ,., is ______ times the 4 in 4 ten. 
And the 6 in 600 ,., is _____ timess the 6 in 60 ten. 


Now, let’s look at base five. You know that 2 mye means 2 ones. And 


20 sive Means 2 


You can see that in base five the 2 in 20 tive is ——?— times the 
2 in 2 five: 


a. one b. five c. ten 


You know that 4,,. means 4 —_—______. And 40 y,. means 


4 
[15] 


c. hundreds 


b. ten 


b. ten 


ten 


ten 


fives 


b. five 


ones 


fives 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


Then in base five the 4 in 40,,,. is ____. times the 4 in 
4 five: 
The 4 in 400 ,,,. is five times the 4 in 40 ,,,.. And since 40 »,. means 


—, 


4 fives, we can say that 400 »,. means 4 


a. fives b. twenty-fives c. hundreds 


Since the 3 in 300 ye is five times the 3 in 30 4,., we can say that 
300 iy, Means 3 P 


a. fives b. twenty-fives c. hundreds 


You can see that the 3 in 3000 ,,,. is five times the 3 in 300 4,.. And 
since 300 ;,,. means 3 twenty-fives, we can say that 3000 ,,,. means 
38 —?—. 


a. twenty-fives b. one hundred twenty-fives c. thousands 


We can use the same idea when we talk about numerals in other 


bases. For example, in base four, 20 ;.., means 2 


Since the 2 in the numeral 200 ,,u, is four times the 2 in 20 ¢ou,, you 


can see that 200 ,,,, means 2 P—., 

a. fours b. sixteens c. hundreds 
And since the 2 in 2000 ,,,, is _______ times the 2 in 200 ¢..,, 
2000 sour Means 2 ——P—., 

a. sixteens b. sixty-fours c. thousands 


[16] 


five 


b. twenty-fives 


b. twenty-fives 


b. one hundred 
twenty-fives 


fours 


b. sixteens 


four 


b. sixty-fours 


98. In base ten, the numeral 7 in 4721 ,., means 7 —?—_. 


a. tens b. hundreds c. thousands b. hundreds 


y 
of 


$9. In base five, the numeral 4 in 1432 ¢,. tells you how many ——?— 
you have. 


a. fives _b. twenty-fives ec. one hundred twenty-fives b. twenty-fives 


100. In base four, the 2 in 132 ,,,, tells you how many ——?— there 
are. 


a. ones b. fours c. sixteens a. ones 


101. In base seven, the 3 in 184 geven tells you how many ——?— you 
have. 


a. ones b. sevens c. forty-nines b. sevens 


102. The numeral 3 in 347 een, represents —-P—. 
a. 3 ones b. 3 eights c. 3 sixty-fours c. 3 sixty-fours 


Boo 


[prea [| we 


103. The numeral 4 in 142 ,,. tells you that there are —?—_. 
a. 4 ones b. 4 fives c. 4 twenty-fives b. 4 fives 


[17] 


104. The numeral 2 in 442 ,i.. represents —-?P—. 


a. 2 ones b. 2 nines c. 2 tens 


105. When you see 10 4, you know that this means ——?—. 
a. lone b. 1 six c. 1 thirty-six 


106. When you see 10 cgnt, you know that this means ——?—. 
a. lone b. 1 eight c. 1 sixty-four 


107. On the other hand, 100 ,,, means ——-?—. 
a. lone b. 1 six c. 1 thirty-six 


108. And 100 egne means ——?-—. 
a. lone b. 1 eight c. 1 sixty-four 


From Base to Base 


109. In base five, 10 4. represents five(s) and one(s). 
Then, when we translate 10 ;,. to base ten, we get —?—. 


a. 5 ten b. 10 ten Cc. 25 ten 


110. In base seven, 100 seven represents forty-nine(s), 


seven(s), and one(s). When we translate 100 seven to base 
ten, we find that 100 ,even equals —?P-—. 


a. 7 ten b. 49 ten c. 100 ten 
[18] 


a. 2. ones 


b. 1 six 


b. 1 eight 


c. 1 thirty-six 


c. 1 sixty-four 


111. Transform each of the following into base ten: 


J, 1 a 
2. 10 tive = fan 
3.10 seven = ten 
4. 10 = tea 
5. NO i = thai 


112. Now try each of these: 


I 100 tour = ten 

2; 100 sive = ten 

8. 100 ae ten 

4, 100 seren = = 

5. 100 tare = ts 
113. Translate these into base ten: 

i 20 incce = ten 

2. 40 «ix = ‘aii 

3. 30 tive = ten 

4, 50 eignt = ten 

5. 70 nine = ten 
\14. Now try these: 

il 42 ix = tan 

2. 8D veren, = tin 

3. Gl a te 

4, Oe ten 

5. 4A sive = ten 


L15. 


L17. 


118. 


119. 


And, finally, try these: 


il 123 x ei 
2. 204 a. = ————— ten 
3. O39 sou = ——=— —_—— ten 
4, O20 fe 6a = —__—___—— tam 
5. 111 sine = —————- ten 


. Now, let’s suppose we want to write 9 ,., as an equivalent nu- 


meral in base five. In the number nine, there is 1 five and 4 ones. 


So we write 9 ten as 


five: 


To write 12 ,,, as an equivalent numeral in base five, you have to 


five(s) and 


see that in the number twelve there are 


five: 


one(s). Then you can say that 12 ten is 


Changing 12,., to base seven, you would think of twelve as 


seven(s) and one(s). That is, 12 ten = 


seven* 


Fill in the blanks below: 
ie, 15 tn = nine(s) + one(s) 
2; 13. — eight(s) + one(s) 
3. io. = seven(s) + one(s) 
4, 15 4, =—____—- six(es) + one(s) 
5. 15 ten = five(s) -F one(s) 
6 b.n.= four(s) + one(s) 


[ 20] 


38 


40 


63 


161 


91 


14 


2, 22 


1,5, 15 


1,6 


ad 


2,1 


2,8 


8, 0 


3,8 


120. Now let’s try transforming 15 ,,, into different bases: 


121. 


122. 


23, 


24, 


25. 


To change 75 ,., to base nine, we think of seventy-five as 


nine(s) and 


You can think of 16,., as 


Thus, 16 ... = 


28 ten — 


12 ten — 


Here are some numerals in base ten. Change each to the base 


indicated. 


1. 


15 ten — 


15 ten — 


15 ten — 


15 ten — 


15 ten — 


15 ten — 


eight: 


four’ 


49 ten — 


38 ten — 


Bite = 


life ten — 


25 ten — 


————— nine 


eight 


——— ae ROEM 


————— six 


——— five 


one(s). That is, 75 ten = 


four 


eight 


—————___— Seven: 


——— three 


nine 


seven 


[21] 


six(es) and 


nine 


one(s). 


24 


34 


61 


18 


34 


126. To write 83 ,., as an equivalent numeral in base five, you write 


83 ten = 3 twenty-fives + five(s) + one(s). 
That is, 83 ten, > ——____ fives 
127. 71 ten = 2 twenty-fives + five(s) + one(s). 


So, 71 ten — ———_—_——-_ five: 


128. Change each of the following numerals from base ten to base five: 


Ly 88 ten: — ——_____— five 
De 47 ten — ———_—_—__—-_ five 
3. S¥/ ten — ————_——_—_ five 


4, 120 ten — Five 


5. 8 ten — —————_——- five 


Try Your Hand . 


i To find out how successful your work so far has been, answer each 
juestion below. The most difficult questions are marked with an as- 
erisk (* ). After you have finished answering these questions, you may 
heck your answers on page 168. 


1. Suppose your mother sent you to the store for the following items. 
How many of each would you buy? 


a. 10 ,. pounds of potatoes f. 23 sou, bars of soap 


b. 21 tnree light bulbs 8 44 ent cans of soup 

c. 100 «x eggs h. 33 ;ou, pounds of sugar 

d. 2 nine Quarts of ice cream i. 70 nine rolls of wax paper 

€. 22 three bars of candy j- 132 4.u, jars of peanut butter 


2. Transform 21 ,., into each of the following bases: 


a. base three f. base eight 

b. base four g. base nine 

c. base five *h. base twelve 

d. base six *i, base fifteen 

e. base seven *j. base twenty-one 
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1,3 


313 


4,1 


241 


823 
142 
122 
440 


13 


3. Answer each of the following questions: 


% 


momo a6 om fp 


ed 


imate 
. 


. In base five, how many toes do you have? 


. In base six, how many months are ina year? 

In base seven, how many feet are there in a yard? 

. In base nine, how many fingers do you have? 

In base four, how many days are in a week? 

In base three, how many inches are there in a foot? 

. In base twelve, how many hours are there in a day? 

. In base twenty, how many days were there in February, 
1957? 

In base thirty, how many noses do you have? 

In base fifty, how many states are there in the United 
States? 


4, Each numeral below has been transformed to base ten for you. 
Tell the base of each numeral. 


a. 10:=8 in e. 14.=l0 im i, 103 » = 67 ten 
b. 1001=36 ten f 1002=9yn *f 15 1 = 18 ten 
©. 201=im ge DD = 1B ion 
d. 11> =9 ten h. 43 >= 23 ten 


5. Transform each of the following into base ten: 


As L sous e. 4,5 Blt Orataven 
b. 2 nine f. 2 three "i. 6 fifteen 
CG. T sgt & 6 cient 
disitne lego een 


6. In each case, tell what base a person would be using if he made 
the following statements: 


ia 


= 
me 
° 


* 


—e 
° 


Sor mo ao mo bf 


. Lhave 14 toes. 

. The Pentagon Building has 12 sides. 

. There are 12 innings in a regular baseball game. 
. There are 20 ounces in a pound. 

. There are 22 months in a year. 

. Acat has 21 lives. 

. A triangle has 10 sides. 

. There are 20 seconds in a minute. 


I have 10 feet. 
Georgia was one of the 11 original colonies. 
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7. Transform these base eight numerals into base ten. 


a 3 cignt @. 7 cient i. 20 cient 
b. 4 eient fF. 10 sight j- 100 cignt 
c 5 eight g- 11 cient 
d: Gani h, Panik 
*8. Transform each of the following numerals into base ten. 
as BO beentytive e. 100 twenty Is -OlGieeenty 
b. 21 thirty f. 110 twenty j- 100 twenty-five 
c. 36 thirty-five fe 114 irenty 
d. 40 gorty hi. 200 ivcniy 


“9. Here’s a chance to show how well you know various number bases. 
Follow the instructions below: 


a. In base five, count by twos from 1 gy. to 21 tive. 

b. In base six, count by twos from 58 qx to 105 jax: 

c. In base nine, count backwards by twos from 
Lie. tO Gite: 

d. In base three, count by twos from 1 ree t0 102 three- 

e. In base eight, count by fours from 1 cient tO 35 etent: 

f. In base four, count backwards by fours from 
TOO sea. 0 O toc, 

g. In base ten, count by sevens from 33 ten to 61 ten: 

h. In base six, count by threes from 5 4, to 32 six. 

i. In base ten, count by fives from 21 te, to 56 ten- 

j. In base three, count by threes from 2 tnree to Cloyd rae 


THINK IT OVER 


m If you like questions that force you to think hard before answering, 
youll enjoy these. Don’t be discouraged if some of the questions have 
a number of possible answers and you come up with answers that are 
different from those of your classmates. 


1. Why don’t we use the numeral 5 in base five? What digits would 
you use in base two? Base twelve? 

2. Many centuries ago, the Maya Indians of Mexico and Central 
America used a system of numerals involving base twenty. Can 
you think of a reason for their choice of twenty as a base? Why do 
you think we use base ten in everyday life? 

3. What features do the base seven system and the base five system 
have in common? In what ways are they different? 

*4, An even number is a number divisible by 2. In base ten, you can 
easily check to find out whether a number is even or not—the nu- 
meral must end in 0, 2, 4, 6, or 8. What is a quick test to check 
whether a number in base eight is even? What is a quick test to 
check whether a number in base five is even? 
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o A Look at Addition 


429 


DOES 4+ 3=10? 


@ Now that you have learned something about expressing numbers in 
various bases, what do you do with them? You can begin by adding 
them. 

At the beginning of this book you were told that 4 + 3 is sometimes 
equal to 10, sometimes equal to 11, and sometimes equal to 12. How 
can this be so? How can 4+3= 10, 11, and 12? Is it still true that 
4+3=7? Can4+3=8? 

As you go through this chapter, you will find that you will be able 
to answer each of these questions. The answers, you will find, have a 
lot to do with the base in which the numerals are written. 


Adding “Below the Base” 


1. You know how to add in base ten. You know, for example, that 


14 ten “- i ten — 


2. In base ten, 1 ten + 8 ten = ten» Lhe addends are 1 je, and 8 ten; 


and the sum, of course, is 


ten: 
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21 


10. 


Now we are going to take a look at addition in other number bases. 
First, we will deal with examples in which the sum is the same as 


it would be in base ten. 


In base five, 0 tive + 1 tive = 


five 


2 five + 2 five = 


five: 


The sum of 3 4. and 1 sve is 


five 


Write the sum in base five for each of the following: 


Le 1 tive + 9 tive = 


five 


2. 2 tive + 1 tive = 


five 


3. 0 tive FA tive = 


five 


4, 1 tive +3 tive = 


five 


5. 1 ave + 1 tive = 


five 


You can also find the sum when there are three addends 


ample, 1 set L tive F Zines = 


five 


And 3 five + 1 five + 0 five — 


five: 


. For ex- 


Now let’s take a look at addition in another base. (We are still deal- 


ing with examples in which the process of adding is the 
it is in base ten.) 


In base nine, 2 pine + 6 nine = 


nine’ 


1 nine is 2 nine IP 3 nine — 


nine* 
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same as 


Base Wine 


11. Here are some more problems in base nine: 


12. You remember that 10 ;;,. means 1 ——?P—. 
a. five b. ten c. one 
13. Then 10 give + 10 ve means 1 five plus 1 five, which is Pp 
five(s). 
a. l b. 2 @.5 
14, Thus, 10 five + 10 five — ————— five: 
15. And 20 five 4- 10 five — ————— five 
16. You know that 


‘if 7 nine + 9 nine = 
2. 2 nine + 2 nine = 
3. P nine Pr 9 nine = 
4. Lise FD nine + 4 nine = 


5. 2 nine oT 2 nine on 2 nine oh 2 nine — 


nine 


nine 


nine 


3 five ap 1 five — 4 five: 


So you can see that 


30 five ce 10 five — 
[27] 


nine 


five: 


nine 


a. five 


20 


380 


17. 20 five ++ 20 five — five: 40 


18. In base five, 200 ,;,. means ——?—— twenty-five(s). 
Ey Al b. 2 c. 3 b, 2 


19. Then 200 ;,. + 200 ;,. means 2 twenty-fives plus 2 twenty-fives. 


Altogether, there are twenty-fives. 4 


20. So 200 rive + 200 tive = ——_____ tives 400 


21. Here are more addition problems in base five: 


lie 10 tive + 10 tive = Ae 20 
2. 80 tive + 10 tive = ——_— tive 40 
Be “Wwe ae eae 80 
4. Oe te Ges ee ee 40 
5. 10 five £10 sive + 20 tive = Give 40 
22. Try these addition problems in base five: 

1. 100 sce =F 100 geg = — ee 200 
2) 20a Tae ee 400 
By LOD ee “P00 ye, 1 100 pS 400 
4. 9000 ie 4 1000p 3000 
5. 1600%.,¢ 16004,. 4 10004. 3000 
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23. Let’s change to another base. Each of the following examples is 
in base nine. Find the sum in each case. 


1. 20 nine F 20 nine = nine 40 
2; 80s oe — pts 80 
SRD esis > FOO ty i 800 
4, 2000854 3000 jén5 = ——_—_—_—_—— nine 5000 
Be = 2000 ite t L000 peng 2000 nine = —_____—_ nine 6000 


24, Now here are some examples in various bases. Try these: 


1 Boe Seu = 5 

2. S\seven 1 2 eeven — seven 5 

8. Ostet ne = nine 7 

A AQ ware 20 were = eek 60 

Be a eh 100 ices ee ies 200 

C100 bie LOO ig — 800 

7 0 ~+300.= 500 

8. 400 ten + 500 ton = ton 900 

9. 3000 sient + 2000 cipne = eagnt 5000 
10, 2000 nig BUO0 savy = —— rg 8000 


25. In base seven, 30 seven Means 8 ——?P—. 


a. ones b. sevens c. forty-nines b. sevens 


26. And 6 even means 6 ——?—. 


a. ones b. sevens Cc. forty-nines a. ones 


one(s). 3,6 


27. Then 30 geven + 6 seven Means seven(s) plus 
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28. So 30 seven =f 6 seven — 


seven" 


29. Here’s another one. In base five, 30 4,. means 3 ——?—., 


a. ones b. fives c. twenty-fives 
30. And 3 ,,. means 8 ——P—., 
a. ones b. fives c. twenty-fives 


a 
-%< 


\ 


31. 30 five + 3 five — 


five: 


32. Ja base eight, 40 cient + 6 cient Means eight(s) plus 


one(s). So 40 eight + 6 cient = 


eight: 


33. In base three, 20 three + 2 three = 


three: 


34. In base five, 200 tive + 30 sive = ——___ iver 


35. And 320 five ae 4 five — ——______ five: 


36. Fill in the sum in each of the following: 
ie 220 five, 1 OB — ____— five 


2. 40 six + 5 six — 


six 


3. 1000 eight + 300 eight + 10 eight — 
4, 2000 nine + 100 nine + 30 nine + 6 nine — 


5. 1000 ten + 400 ten ae 20 ten ota 8 ten — 
[ 30] 


ten 


nine 


86 


b. fives 


a. ones 


83 


4,6 


46 


22 


824 


223 
45 
1310 
2136 


1428 


oT 


38. 


39. 


40. 


41. 


42. 


43. 


In base seven, 41 seven Means 


And 2 even Means one(s). 


Then, 41 seven + 2 seven Means seven(s) and one(s) 
plus one(s). 
Altogether, then, there are seven(s) and one(s). 


So Al seven + 2 seven = ——— seven” 
In base five, 21 tive + 3 tive = ——— iver 
And in base seven, 412 seven AE SL ec. 2 at 


Fill in the sum in each of the following: 


le 29. ae + 2 tive = ———— five 

2. 101 gix + 21 six = ———— #x 

3. 456 ine + 22 nine = ————- ive 

4. 307 eient + 120 eign =_——— tent 
5. A18 ton + 321 ten = ————— ten 
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4,1 


4,1 


4,3 


43 


443 


24 


122 


478 


427 


739 


Adding “To the Base” 


44, 


45. 


46. 


47. 


18. 


19. 


The addition examples you've seen so far have been just the 
same as base ten addition examples. You saw, for example, that 
2 tive + 2 tive = 4 tive. YOu saw also that 101 ,,, + 21 ,;, = 122 ,;. In 
base ten, 2 ten + 2 ten = 4 ten, AN 101 ton + 2I ton = 122 iene 


Now you are going to look at addition examples which are very 
different from base ten examples. 


In base five, 2 ive +3 tive gives you five(s) and 0 ones. 
You remember that in base five this is written as 10 y,-. Thus, 
Qitse tT 9D tive — ——, 


a. 10 five b. 5 five Cc. 100 five 


4 tive + 1 tive = five: 


In base nine, 8 pine + 1 nine gives you nine(s) and 


nine: 


one(s). So 8 sine + 1 sine = 


) nine a 6 nine — 


nine: 


And in base seven, 4 geyen + 3 seven = 


seven* 


Try each of the following addition examples: 


L Aw t2 = 


six 


2. 6 eight +2 eight — 


eight 


3. Sate EO aie — 


six 


4. 1 four te 3 four — 


four 


5. 2 three + uF three — 
[32] 


three 


a. 10 five 


10 


1,0 


10 


10 


10 


10 


10 


10 


10 


10 


50. In each of the following cases, find the missing addend. Notice 
that the sum in each case is the base (written as 10). 


Ls 2 nine ar nine — 10 nine ik 
2. tl five + five — 10 five 4 
3. 5 eight + eight — 10 eight 8 
4. 4 seven + seven = 10 seven 8 
5. 2 six ole six — 10 six 4 
5J. Find the missing addend in each of the following cases: 
1. Zeb 1 five tive = 10 tive 2 
2. 3 nine + 2 nine + nine = 10 nine 4 
3. 2 seven + seven = 3 seven — 10 seven 2 
4, eight + 1 eight + 8 eight — 10 eight 4 
5. 1 three + Hi three + three — 10 three 1 
32. Earlier in this chapter, you saw that 
Zit ok tive = 3 tive: 
You were then able to say that 
200 sive + 100 give = —___ five: 300 
13. Now since 
A tive + 1 tive = 10 tye, 
you can see that 
40 sive + 10 tive = —?P—. 
a. 10 five b. 100 five c. 50 five b. 100 five 
4. 30 ve means 3 fives. And 20 ye means 2 fives. Then, 3 fives and 2 
fives equal 5 fives , or twenty-five(s). 1 
Thus, an base five, 30. + 20 «..= —_?—. 
a. 100 five b. 50 five Cc. 10 five a. 100 five 
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5D. 


In base seven, 80 seven + 40 seven = ———-weoven* 


° And 20 seven “ta 50 seven —- ————————- seven 


7. Since 
3 nine + 6 nine — 10 nine’ 
you can see that 
30 nine se 60 nine — ————__—_ nine* 
18. In base four: 
3 four - 1 four — 10 four: 
30 four ar 10 four — 100 four: 
300 four 7 100 four — —————— four: 
9. In base eight, 400 een: + 400 etgne = ————__—- etent= 
0. And in base ten, 800 ten + 200 ten = ——__ ten 
Ll. Find the sum in each of the following cases: 


1. 30 seven “+ 40 seven = ————— seven 

2. 40 ane + 50 nine = ——_—— nine 

3. 500 seven + 200 seven = ———___— seven 
4, GOOG en ZOO pa, 


by 2000 three + 1000 res 
[ 34] 


100 


100 


100 


1000 


1000 


1000 


100 


100 


1000 


10000 


10000 


1. Now find the missing addends: 


Iv g) B00 Ea = 000RS, 600 
OD W00a b ee = 1000 =, 300 
% B00 cea Ph ee = 10 cen 200 
Ao gee FA a = 10 ee 4000 
5 eel, 200 crics = 1000 res 100 


3, We know that 3 sive + 2 tive = 10 tive. We use this fact when we say 
13 sive + 2 tive = 20 tivee We know that 13 ,;,. means 1 five and 3 ones. 
And 2 ye simply means 2 ones. When we add, then, we have 


five(s) and 0 ones. 2 
te 11 tive +A tive = tire 
a. 15 five b. 20 five ce. 101 five b. 20 five 


5. You know that 1 pve +4 tive = lO gives And you also know that 
ll five + 4 five — 20 five: 


Then, of course, 21 give + 4 tive = fives 30 

3. The same principle holds true in base seven. For example: 

5 seven + 2 seven = 10 seven* 
15 seven + 2 seven = seven* 20 
25 seven + 2 seven — seven* 30 
’, In base seven, find the sums: 

i 24 seven + 3 seven = seven 30 
2. 14 seven + 3 seven = seven 20 
3. 54 seven + 3 seven — seven 60 
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8. Find the sum in each case below: 


ss ee a eee — — 40 
2 Ws De = — 20 
So eee os Ee — ae 50 
4. eo ce es 30 
SM eat 8 seven == ren 60 


9. Now find the sum in each case here: 


1. 8 aine + 1 nine = nine 20 
2, 36 ten + 4 ten = ie 40 
8. Paw plug = ane 20 
4. 22 sour + 2 tour = four 80 


5. 66 eight == 2 eight = eight 70 


0. Find the missing addend in each of the following: 


L  22 sine + dns = 30 sine g 
Bs Weg eg 20 ne : 
oes 405 3 
a Ola + wit = 0 cine 1 
5. Dar pie 4 


1. Now, in base five, let’s extend the principle we are using. Suppose 
we add 44 «4, and 1 ¢,.. Altogether, we have 4 fives and 5 ones. But 


this is the same as 5 fives. And 5 fives make twenty-five(s). 1 
Thus, 44 five aE ii five — — 
a. 45 sive b. 100 sive c. 50 tive b. 100 tive 


2. Let’s add 63 seven aNd 4 seven Altogether, we have 6 sevens and 7 
ones. But this is the same as 7 sevens. In base seven, then, 


63 seven + 4 seven —— — +, 
a. 67 seven b. 70 seven c. 100 seven c. 100 seven 
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In base five, 42 tive + 3 tive = 


In base seven, 61 seven + 6 seven = 


In base four, 32 four + 2 four = 


five: 


seven* 


four* 


Find each of the following sums: 


1. 38 tour + 1 sour = 
2 82 nine + 7 nine = 
8. 22 tnree + 1 tnree = 
4. Bhat 2a = 

5. 62 seven “+ 5 seven = 


four 


nine 


three 


six 


seven 


, Find each of the missing addends: 


44 five mo 1 five 


444 five + 1 five 


. In base seven, 664 seven + 3 seven = 


1, G4 seven + seven == LOO seven 
2) 2) tnree = 100 tnree 
3. 9A ten + ten = 100 ten 
4, 73 eagne + eignt = 100 erent 
5. 52 six + six = 100 ae 
. In base five: 
4 wwe +L tive = 10 tive 


= 100 five 


= —_____—— five 


seven* 
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100 


100 


100 


100 


100 


1000 


1000 


80. 


And in base three, 221 three + 2 three = eee 


31. In base seven, 6668 seven + 4 seven = ——?-—. 

a. 666 seven b. 1000 even c. 10000 ,even 
2. And in base nine, 8882 nine + 7 nine = mine 
3. Find each of the following sums: 


t. 


i BAN ee Ae = 

2. 222 sneee + 1 tres = ———______— three 

3. OO scan four pt 

4, TAS: dee A ge eg 
5. eecicg FA ig ee re 


Find each of the missing addends: 


His 222, three + three — 1000 three 
2. 332 four + four — 1000 four 
By 444] five + five — 10000 five 


4, 662 seven + seven = 1000 seven 


5. 992 ten + ten = 1000 ten 


. You remember that 


34 five + I five — 40 fives 


Then we can say that 
340 five “+ 10 five — ——____— five: 


In base four: 
23 four + 1 four — 30 four 


230 four + 10 four — 300 four 
2300 four + 100 four — —————___——- four 
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1000 


c. 10000 seven 


10000 


400 


8000 


204097700 


37. In base six: 


22 Bix + 4 six — 30 six 
220 six e 40 six — ————_—_—_—_——- six 300 


2200 .. + 400 4. = ——____—-_ ax 8000 


38. In base seven: 
Cla - fae OO an 
620 seven + 50 seven = 1000 poven 
62002202 000... a eS en 10000 


39. Find the sum in each of the following cases: | 


i Egan to, eons oy) Seen — | ene ere 200 
Bae OS aio ate a a 300 
SO 3650-10 ye gs 1000 
A 000 4710 oe 1000 
i ie |. 700 


10. Now find the missing addends: 


1 ae, sive = 1000 sive 10 
Do, 820+ six = 400 gtx 40 
5. Soe 2640 gn 2700 eens 40 
4. ten + 140 ton = 200 ton 60 
5. tive + 1280 five = 1300 sve 20 
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\dding “Beyond the Base” 


1. 


wt 
. 


we 
. 


So far, in studying addition, we have seen two situations. The 
first involved addition examples which were practically the same 
as base ten. We saw, for example, that 3 tive +] sive =4 tive and 
456 nine + 22 nine = 478 nines 

The second situation involved examples very much different 
from base ten. We saw, for example, that 2 four + 2 tour = 10 tour 
And! 64 sccsn 1-°S seven = LOO sevens 

Now we are going to take a look at a third situation. Suppose 
we want to find the sum of 4 ,;,. and 2 ye. There are many ways of 
finding this sum. The method we'll choose is related to the methods 
we saw earlier in this chapter. 

We want to find the sum of 4,,. and 2 tie. Instead of adding 
Q sive tO 4 tive Yight away, we will add lire tO 4 tive to get to the 


base: 4 give + 1 tive = 


five: 


And since 2 sve is 1 more than 1 ge, 4 give +2 tive is 1 more than 


10 sive In other words, 4 tive + 2 tive = 


five: 


Let’s try this method on another problem. Let’s find the sum of 
3 tive and 4 gy. Instead of adding 4 tive to 3 give right away, well add 


five 


2 five to 3 five: Thus 3 five = 2 five — 


Then 3 five + 4 five = 12 fives because 4 five is ——?—_ than 2 five: 


a. 2 more b. 2 less c. 3 more 


Let’s try adding 6 nine aNd 8 nine by this method. First, we say 
6 nine + 3 nine = LO pine Then, since 8 pine is 5 more than 3 ane, We 


know that 6 yine + 8 nine is 5 more than 10 pine. That is, 
6 nine =r 8 nine — 


nine* 


In base ten, let’s add 9 ,., and 6 ten. First, 9 ten + 


more than 1 ,,,. And thus, 9 ten + 6 ten = fan 


But 6 ten iS 
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10 


ll 


10 


a. 2 more 


15 


7. 


8. 


nine’ 
8 nine + 5 nine = nine* 
* 6 eight “te 5 eight — 10 eight =e eight: 
6 eight + 5 eight = eight: 
O 8 ten = 6 ten — 10 ten = ten: 
8 ten = 6 ten — ten: 
© A give + 4 tive = 10 tive + five: 


i) 8 nine + 5 nine — 10 nine + 


4 sve + 4 tive = 


To add 7 nine AN 8 pines YOu can say that 


‘t nine + 8 nine — vk nine + 2 nine = 


Then 
a nine ar 8 nine — 


3 seven + 6 seven = 3 seven + a seven + 


3 seven ar 6 seven = 


seven* 


4 eight oF id eight — 4 eight ae 


eight: 


4 eight + ‘j eight = 


eight + 


nine* 


nine: 


seven* 


eight: 


For practice, complete the blanks in the following: 


ily 3 five aU 3 five — 3 five =| 


2. 8 ea eT on = 8 tea + 


3. 6 nine + 5 nine — 6 nine 3 nine ae 


4. 4 eight + t eight = 4 eight + 


5. Sax t 5 ae 5 ae + 


five: 
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five a 1 five 


ten ate 5 ten 


nine 


eight =F 


Bix ar 


six 


eight 


16 


13 


14 


13 


14 


18 


105. 


106. 


107. 


108. 


109. 


Now let’s omit the middle step in writing these problems. Do the 


calculation of the middle step mentally. 


4 five ale 3 five = 


6 ten 138 ten => 


ten: 


8 nine ait 5 nine — 


nine* 


6 seven “FR 6 seven = 


seven’ 


Find the sums in the following examples: 


1. 3 seven + 6 seven — 


seven 
2. 4 eight + 6 eight = ——__— eight 


3. 9 ten + 6 ton = 


ten 


4, 2 three + 2 three — 


5. 8 nine + ri nine — 


three 


nine 


five 


110. Now find the missing addend in each of the following cases: 


I Biges sh tnree = 11 three 
2, 4 tive + fie = LB pire 
Se es nine = 16 nine 
4. ten + 6 ton = 14 ton 
5. six +5 six = 14 ts 


111. In order to add 40 ,,. and 40 ge, we can look at the fact that 


4 five + 4 five — 13 five: 
Then, 
40 five ++ 40 five = 
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five: 


12 


14 


14 


15 


11 


16 


130 


112. 


113. 


114, 


115. 


Since 


5 eight + ii eight = 14 eight» 


you know that 


50 eight + 70 eight = ——_—____—_ eight: 


In base niné, 70 wine 1 90 xine — ——_————_ mine 


And in base seven, 600 seven + 300 seven —= —————_——- seven 


Find the sums of each of the following: 


i. 


2. 


3. 


4, 


5. 


Oe Liye = 
30 seven + 50 seven = ————— seven 

200 sour + 300 tour = ————_——- tour 
600 pine + 500 nine = ——_——— nine 


400 six + 400 six SS nt 


116. In order to add 18 pine aNd 4 pine, We Can say that 


18 nine + nine = 20 nines 
Then, 
18 nine + 4 nine = nines 
117. Let’s find the sum of 44 geyen and 6 seven! 
44 seven TF seven = 9O seven 
AA seven + 6 seven = 50 coven + seven 
44 seven + 6 seven = seven 
118. Let’s add 34, and 4 tive: 
34 tive + tive = 40 tive 
34 tive +A tive = 40 tive + ice 


34 five + 4 five — 
[ 43 ] 


five 


140 


130 


1200 


120 


110 


1200 


53 


119. In base six, 24 x +3 sx = ake 81 


120. And in base seven, 56 seven + 6 seven = ae 65 


121. Find the sum in each of the following examples: 


1. 26 seven +5 seven = seven 34 
2. 65 agne + 7 ctsne = etght 74 
8 124 en + Ot, = ——_—_— 133 
A 293 gee yg = —— = — tie 232 
8. 846 sine + 9 tne = ——_ —— oe 355 


122. Since you know that 
26 seven + 3 seven = 32 seven? 
You can also say that 


260 seven =“ 380 seven = ———_——— seven: 320 


123. Find the sums in each of the following: 


Clee eto ee 130 
ee ny a0 eget eer 120 
SM POO eS ee 540 
hat se a a ne re 1050 
eel tl vi AU yy a een gg 830 


124, In base five, 44 tive + 1 tive = 100 tive. Then it is easy to see that 


44 five + 8 five — five’ 102 
[44] 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


In base six, 54 ex - 2 six = 100 ix. Then you know that 


54 six =f 5 six —- ———— Bix’ 


And in base eight, 76 cignt + 2 cient = 100 ign» You know, then, 


that 76 eight + 7 eight = ————_ eight 
42, five ar 4 five = ——— fives 
143 five oF 4 five = ——__—— five 


Find the sums in each of the following cases: 


ac 22 tnree + 2 three — —————— three 
2 84 aine + 7 nine = ————— nine 
3. 98 ten + 8 ten = ————— ten 

4. 144 tive + 4 tive = ————— tive 
5. 555 six + 5 tx = ———————- atx 


You know that 12 tive +4 tive = 21 tive. Then you can see that 


12 five a 14 five — 31 five and 12 five a 24 five = ——__— five’ 


Now try these: 
47 nine i 3 nine — 51 nine 


47 nine Si 13 nine — 


nine 


47 nine + 23 nine — 


nine 


In base seven: 
34 seven + 6 seven = 


seven 


34 seven + 16 seven — 


seven 


34 seven + 26 seven = 


seven 
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108 


105 


101 


202 


1004 


4] 


61 


71 


43 


53 


63 


133) 42.3) cP oT sey 71 


134, 25 six <5 25 six — six’ 54 


135. Sometimes the addends are written one above the other. Try 
this one. 


14 five 
ae 24 five 


43 


five 


136. 146 seven 
+13 seven 


seven 


137. 104 sive 
+24 tive 


133 


five 


138. Find the sum in each of the following cases: 
33 five 
+12 five 


100 


five 


101 


211 


344 


TRY YOUR HAND 


m Here are some exercises which will help you to review and extend 
the ideas you have seen in Chapter 2. The answers to these problems 
appear on page 168. 


1. Try these addition problems in various bases: 


814 tive + 211 tive 
» 274 gent + 1066 esont 
555 ix + 4 asx 
© AQ ax + 31 ix + 20 asx 
11 tree + 21 three + 12 three 
201 sour + 22 tour + 10 tour 
» 18 nine + 15 nine + 12 nine 
» 30 eignt + 50 cignt + 70 cient 
12] three + 201 three + 211 three 
je 44 tive + 100 tive + IBLI tive + 2 tive 


aso ho Re op 


imo 


2. Here are some addition problems in base three: 


211 three 
a. +222 three 


b. 112 three 
=a three 

c. 122 three 
+21 three 

d. 1012 three 


+212 three 


3. Here are some addition problems in base ten. Use the methods de- 
scribed in this chapter to find the answer to each. 


15 ten + 9 ten 

119 ten + 8 ten 

201 ten + 10 ton 

» 397 ten + 8 ton 

AT ton + 16 ten 

238 ten + 62 ton 

- 900 ten + 2400 ten 

+ 200 ten + 30 ten + 5 ten 
604 ten + 10 ten + 7 ten 

j- 333 ten + 67 ten + 10 ten 


mo mo ao op 


bmt os 
. 


[47] 


4. Here are some addition problems already completed for you. Deter- 
mine the base in which each problem was done. 


a 41 4+-81— 10, fo Sg Se an 20; 
bs 6,43) =11; °s. 8.+3:=10> 
c. 22.+14,=41; *h, Sgt = 1s 
d. 200>+300;=1100; %% letl»=10> 
@ Feb ae toy 18s *j, 9, +19:=21; 


5. Find the missing addend in each of the following cases. 


A seven 1 P seven = 11 seven 

. 9 ten + P ten = 16 ten 

1S sme bP nine = 24 nine 

26 seven + P seven = 40 seven 

31 is + Px = 50 six 

4D tive + P tive = 103 sive 

5 3 Petone FP tote 110 sour 

» 1B incive “P P twelve = 20 twetve 
QT sitteen + ? eitteen = 30 sitteon 

“|: 1S ane P twenty = 26 twenty 


oP 


* 
roa mo a 8 


* 
te 


6. Here are some questions in which you are asked to add two num- 
bers represented in different bases. You'll have to rewrite each ques- 
tion so that the numerals are in the same base. In each case, give 
the answer in the larger base. 


fe Fi ED peren fF. 21 nice | oinht 
Db. 8 sens 4 sive g- 83 yar Tt LD cient 
Ci Baise tt Gi ceven h. 32 sic + 12 tree 
le: LO seven“ 2 wires i. 29 ton + 16 coven 
e. 11 sive + 8 nine j- AO gix + 50 seven 


7. One way to check addition problems in various bases (and in base 
ten, too) is to add the numbers in each addend until you have “re- 
duced” the numbers to a one-digit number. Then you add these 
numbers. This sum should equal the “reduced” answer. 

For example: 
21 sive > 2 tive + 1 tive = 3 tive 
+10 five — i tive + 0 five — +1 five 
31 five ae 3 five ++ 1 five = 4 five 
Use the check to see whether each of the following answers is 
correct: 


a. 11 three + 2 tnree = 20 three 
AO coven + 21 seven = 62 seven 
5S ten + 28 ten = 81 sn 

» 33 tive + 4 tive = 42 tive 

A as + 23 six = 108 six 


e a9 5 
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*8, Here are some addition problems in base eleven. Find the answer 


*2. 


to each. 
» Acteven + 3 eteven 
» OL even 1 85 steven 
Orclaven 1 Svelavent 
» 18 cteven + 5 cteven 
@ S00 sigcen 1? LOOO areca 
700 ereven + 2700 oteven 
» 1300 eteven + 40 cteven 1 7 cteven 
+ 200 creven + 16 eteven 1 8 eteven 
60 raven “P20 sereven “E10 ereves 
Js 15 even + BL cisven 1 39 cteven 


Solo fm o of 


me 
: 


Here are some addition problems in bases greater than ten. Find 
the answer to each. 


& 4 sieven + D simen 

b. 18 twelve + m1 twelve 
Ce 1S secteon 17 8 sixioen 
d. 20 titteen + 30 sittecn 
@. 14 inciva-F 9 tweive 


3S twenty 7 O9 twenty 
+ 48 sitteen + 8 sitteon 
» 66 twee + 8 tweive 
480 tisteen + 90 tittcen 
j- 20 arty + 30 nitty 


- ES oq mm 


— 


THINK IT OVER 


® Here is another chance to look into the “why” of what you learned in 
Chapter 2. Don’t be surprised if you come up with several possible an- 
swers to a particular question. 


1. 


*5. 


Sometimes the answer to an addition problem is the same as it 
would be in base ten. For example, 21 give + 13 tive = 34 tive and 
sometimes the answer is very much different from what it would 
be in base ten. For example, 33 ye + 4 tive = 42 tive: Why is this so? 
When you first learned how to add, you learned how to “carry” 
numbers. How is “carrying” related to the way addition is done in 
this chapter? 

Can you add two numbers such as 23 gent aNd Al seven Without 
changing the numerals to the same base? Why? 

How can you use what you learned in this chapter to find the total 
time for a job if one part takes two weeks and one day, and the 
second part takes three weeks and six days? How can you use 
addition in other bases to help you solve everyday problems? 
Look at example 7 of the Try Your Hand section of this chapter. 
Is this a foolproof method of checking? Why? 


[49] 


*. 


A Look 
at Subtraction 


2/2 


A PROBLEM TO SOLVE 


mSuppose someone asks you to solve the base five problem 3 tie + 
P tive = 12 give. Would you be able to find out what number the question 
mark represents? How would you go about itP Would you add? Would 
you subtract? Would you say that the question mark stands for 4? 

In this chapter you are going to learn how to subtract in various 
bases. The subtraction methods we shall use are probably very dif- 
ferent from the methods you've seen before. You are invited to com- 
pare the “new” methods with the methods you've been using in your 


regular work. 


Subtraction and Addition 


1. Let’s look at some “old” addition facts in base five and then use 
them to discover “new” facts about subtraction in base five. 

This frame and the next few frames consist of two parts. The first 
part deals with addition in base five—you learned how to add in 
Chapter 2. The second part deals with subtraction—here you'll 
have to take a guess, because you don’t yet know how to subtract 
in base five. 


tive = 4 tives 


i! five + 


4 five ~~ 1 five — 


five 
guess 
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1 five =e 


five — 3 five’ 


3 five 1 tive — 


five: 
guess 


2 five =e 


tive = & five: 


4 five 2 five — five’ 


guess 


3 five ate five — 4 five: 
4 tive — 3 tive = fives 
guess 

1 five + ———— five — 12 five: 

12 sive — 1 tive = ——— tive: 
guess 

3 five - —_—_—_—— five — 14 five: 

14 five 3 five — ————— five: 
guess 

2 five + ————— five — 12 five’ 

12 five 2 five — ————— five 
guess 


Were your guesses correct? Do you see how addition and subtrac- 
tion are related? 

Instead of writing the addition problem 4 ive + Pidives lAGives 
you could write the subtraction problem ——?—. 


c. ? five 14 five — 4 five 


If you were asked to find an answer to 14 ge — Vive tee YOU 
could rewrite the problem as ——?P—_. 

a Wve + ? tive = 1 ave 

b. 14 five ? five — 1 five 

Ce Weve V ge Mie 
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ll 


11 


11 


ll 


10 


10 


a. 14 five 4 five = ? five 


c. 1 five + ? five = 14 five 


10. The subtraction problem 13 fi,e — 2 tive = ? tive is the same as the 
addition problem ——?—. 


a. 2 five a 13 five — ? five 
b. 2 five + I five — 13 five b. 2 five + ? five = 13 five 


Cc. 13 five “lr ? five — 2 five 


11. Fill in the missing addends in base five: 


i, Coe = ee : 
2. Sat —— an 4 aie i 
[ee ee ° 
4, Deve + —— tare = 3 sve : 
Bo la oe Oa 2 
12. Now try the following subtraction problems: 
iL, Re aia PS os 3 
M  Ding Bae = =, y 
3 - Ade — See = — 1 
/ LS ace Ieee eet 2 
5. Onl ee ee al 
13. In base nine, find the missing addends: 
Bee oe Os ‘ 
2 Assay + —— ome = 5 tne : 
8, Denar oe = Bina 
BO seg —— sms = sep S 
5. 4 tug ning = 7 sning 8 
14, And in base nine do the following subtraction examples: 
ky gan OS eee ? 
a ee er : 
oA ee oS: Soe 2 
4 Bie tae = - 
ae an: oe ene 
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15. 


16. 


17. 


18. 


19. 


Try the following subtraction examples: 


ip 6 seven 5 seven — 


seven 


2. 2 three —_ 2 three — 


three 

3. 8 nine ~_ 4 nine — nine 

4. 7 eight —_ il eight — eight 

5. 4 six 2 six — six 
In base seven, you know that 

5 seven 3 seven — 2 seven’ 
Then it is easy to see that 
50 seven 30 seven — — i 
a. 2 seven b. 20 seven c. 200 seven 


In base nine, 
8 nine _ 3 nine — 5 nine» 


and thus 


800 nine 300 nine — ——————— nines 


Try these subtraction problems: 


i; 40 five 20 five — 


five 


2. 300 sive — 200 tive = ——_——_—-. tive 
8. 2000 sive — 1000 sive = —_____ rive 
A, 4000 five 3000 five — ————————— five 


5: 4000 five ~ 2000 five ee five 


Here are some subtraction problems in different bases: 
it 7000 nine ~_ 2000 nine — —————————— nine 


2. 600 eight — 500 eight es eight 


seven 


33 20 seven 10 seven — 
4, 300 four 200 four —- ———————— four 


5. 2000 three — 2000 tiree = three 
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b. 20 seven 


500 


1000 


2000 


5000 


20. In base seven, 


and so 


3 seven 1 seven — 2 seven) 


23 seven 21 seven — 


a. 0 seven b. 12 seven 
21. 67 eight — 62 eight — —?-—_.. 
a. 5 eight b. 15 eight 


22. Try these subtraction problems: 


lL. 38 nine _ 3l nine = 


9. 48 nine 41 nine — 


—?-—. 


c. 2 seven 


Cc. 25 eight 


nine 


nine 
3. 4A seven — 42 seven = ——— seven 
4. 44 five 42 five = five 
5. 37 eight — 32 eignt = eight 


23. Of course, it isn’t difficult to see that 


134 seven 131 seven is seven* 
24. 812 nine 810 nine —- ——— nines 
25. 812 nine 800 nine — —?—_. 


a. 2 nine 


26. 644 seven 600 seven 


7. ASD ae, — 4000 ar = 


b, 12 nine 


——  seven* 


———_—_—— fives 
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c. 0 nine 


Cc. 2 seven 


a. 5 eight 


b. 12 nine 


28. 4224 4. — 4100 tice = ——__——- tive 


29. In base seven, 355 seven — S41 seven = 


seven* 


30. Try each of these problems: 


ie 342 five 811 five — 


five 


2. 42 five 31 five — 


five 


3. 33 tive — 21 tive = five 


4. 434 five 210 five — ————_——— five 


5. 342 five 101 five — five 


31. Here are some subtraction problems in base nine: 


ie 84 nine 72 nine — 


nine 


2. 66 ainelnme 32 nine — nine 
3. 176 nine 44 nine — ——————— nine 
4, 4085 nine 23 nine = ine 


5. 10077 nine 56 nine — —<—$—$—$—$—_—_— nine 


32. Find the answer to each of the following subtraction problems: 


I. 14 tive — 10 five = five 


Dh 42, six ~ 11 six — 


six 


3. (ej nine 66 nine — 


nine 


4, 275 eight —_ 263 eight =— 


eight 
5. 4AA sive — 231 tive = ———_———- tive 
[55 ] 


124 


14 


31 


ll 


12 


224 


241 


12 


84 


132 


4062 


10021 


213 


33. For practice, find the answer to each of these: 


ilk 43 five 20 five = 


five 


By 74 eight 40 eight — 


eight 


3. 125 seven 20 seven = ———_— seven 


4, 88 nine 10 nine — 


nine 


5. 97 ten 30 ten — 


ten 


Another Look at Subtraction 


34, We haven't told the full story of subtraction yet. We haven't dealt 
with problems such as 43 seven — 26 seven and 32 tive — 14 tive. To deal 
with such problems, we're going to use a “new” method—a method 
which is quite simple because it depends upon addition. 

Sometimes two subtraction problems have the same answer, 
even though the problems don’t look alike. For example, 


4 tive — 2 tive = five and 3 tive — 1 tive = 


fives 


35, In base ten, 48 ten — 6 ten = 52 ten — 


ten: 


36. In base six, 12 4. — 1 six = 15 six — 


37. 34 seven 82 seven — —p—. — 44 seven? 
a. 51 seven b. 46 seven c. 35 seven 


38. 42 five 20 five — five 22 fives 


39. 13 eight 11 eight — 17 eight 


eight 
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23 


84 


105 


78 


67 


bo 
bo 


10 


b. 46 seven 


15 


40. 


4], 


42. 


43. 


44, 


45. 


A problem which has the same answer as D6 eileen 
is ——?P-—. 


a. 28 nine 23 nine b. 27 nine _ 20 nine c. 30 nine 21 nine 


In base seven, 13 seven — 1 seven — seven* 
Suppose we add 3 geen to both 13 seven aNd 1 seven. The new prob- 


lem, then, is 16 seven aes 4 seven* And 16 seven a. 4 seven = 


In other words, adding 8 seven ——?—— change the answer to the 
original subtraction problem, 13 seven — 1 seven 


seven’ 


a. does b. does not 


In base five, 24 sive — 22 tive = five: 
Suppose we add 10 gi. to both 24 rire and 224... Then our new 


problem is 34 five ~ 82 five: and 34 five 82 five = five 
The answers to the two subtraction problems are —~P—. 


a. different b. the same 


In base ten, 35 ten — 30 ten = rate 
Suppose we add 4 ,., to both 35 ¢-, and 30 tens Then our new sub- 


traction problem is 39 ten — 34 ten. And 39 ten — 34 ten = 


ten‘ 
In other words, the answer ——?—— change. 


a. does b. does not 


Now suppose we are asked to do the problem 10 sive — 4 tive. By 
adding the same number to both 10 sve and 4 rive, We can find an- 
other subtraction problem which has the same answer. 

Suppose we add 1 4,. to both numbers. Then our new problem 
is ——P—_. 


@y Ad sive — 10 ttre Be LO xe — 1 tice Ci U1 tice = 4 tive 


Since the answer to 11 g..—10 give is five. the answer to 


10 tive — 4 tive is also 


five: 
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a. 28 nine — 23 nine 


12 


12 


b. does not 


bo 


bo 


b. the same 


b. does not 


a. lal five — 10 five 


46. 


47. 


48. 


49, 


50. 


51. 


52. 


One way to find the answer to 32 ti. — 14 ti is to transform the 
problem by adding the same number to both 32 ,. and 14 tye. This 
method of subtraction is called the equal additions method. In- 
stead of writing 32 g,.— 14 4,., you can add 1 4,. to both 32 tise 
and 14,,.. The new problem is five = DU itives 

You know that the answers to the two problems will be —-P—. 


a. different b. the same 


Instead of writing 47 sine — 28 nine, yOu can write another prob- 


lem: nine 30 nines 


Another way to write the problem 41 ty.e— 24 tive is to write 


five 30 five: 


Fill in the blanks below to transform each. subtraction problem: 


ite 21 four 12 four — 28 four 


four 


2. 34 seven 15 seven —— 36 seven 


seven 


five 


3. 100 five ~_ 82 five — 103 five 


4. 63 eight —_ 44 eight — 67 eight ~_ 


eight 


5. DAN seg — 222 seg = 244 erg — —— = — rave 


If one number is to be subtracted from another, and if you add a 
number to both numbers, the answer to the subtraction prob- 
lem ——?—. 


a. changes b. remains the same 


Instead of writing 43 ten — 27 ten, you could write ten — 930 Gene 


ten, and thus the answer 


The answer to this new problem is 


t0 43 ten — 27 ten 18 


ten: 


Instead of writing 20 tive — 2 tive, you could write 23 tive — 


five 


five 


The answer to both problems is 
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83 


b. the same 


20 


20 


40 


50 


230 


b. remains the same 


46 
16 


16 


10 


13 


53. 71 eight 57 eight — eight — 60 eight* And 72 


Tien — OO ae — eign) 50 the answer to the original prob- 12 


lem, 71 eight — 57 eight, 15 eight: 12 


54, Here are some subtraction problems. Use the equal additions 
method to find the answer to each one. 


it 42 tive — 2A tive = tive — 90 tive = ive 43, 13 
2. 67 ten — 48 ten = ten — 90 ten = na 69, 19 
3. 60 seven — 33 seven = seven — 40 seven = seven 64, 24 
4. 32 eine — 7 etgnt = eight — LO eignt = eight 383, 23 
5. 76 sine — 47 nine = nine — 50 nine = nine 78, 28 
55. Now try these subtraction problems: 
1, 50 seven — 26 seven = seven — 930 seven = seven 51, 21 
2. 42 eve — 18 tive = tive — 20 tive = ava 44, 24 
3. 84 ten — 58 ten = ten — 60. tan = a 86, 26 
4. 21 tree — 12 tnree = three — 20 three = tree 22, 2 
5. 71 agent — 56 ene = eignt — 60 cient = eit 78, 18 
56. Use the equal additions method to find the answers to the prob- 
lems below. 
1. Bane — 2! ae = sient 16 
2. 32 tive — 14 tive = fave 18 
8. 6200-47 we = tes 15 
4. 32 tour — 18 tour = tour 18 
5. 64 ame — 36 nine = nine 27 
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90-49-92 


57. 


58. 


59. 


60. 


To solve the problem 120 s+. — 40 tive, We could add 10 gy. to both 
120 sive and 40 sre. The new problem, then, is —?—. 


a. 130 tive — 40 tive b. 120 sive — 100 sive C+ 180 tive — 100 five 


To solve the problem 420 4. — 230 «x, we find the answer to 


six 300 six’ 


Instead of working with 840 sine — 370 nines We could find the an- 


swer to 


nine 400 nine* 


Try using the method of equal additions on these problems: 


i 


bo 


140 eight — 70 eight — 


eight —_ 100 eight — 


eight 
320 ton — 60 ten = —————- ten — 100 ton = ———— ten 
410 seven — 260 seven = seven —— 300 seven = nS, 
1600 sine — 800 nine = nine — LOOO nine = site 
320 tour — 180 tour = tour — 200 tour = four 


61. And now try these: 


£. 


2. 


3. 


BOs SAG ees 
1408 si — S00 ying os 
210 Ae ee 
1200 oop — SOO pen toe 
A60 eres — 270 ergy = ——— —eagut 
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Cc. 130 five — 100 five 


450 


860 


150, 50 


860, 260 


420, 120 


1700, 700 


830, 1380 


62. 


63. 


64. 


Subtraction problems are often written like this: 


1300 sive 
—400 sive 


For the rest of this chapter we will use this form to write subtrac- 
tion problems. To find the answer to the problem above, we can 
use the equal additions method: 


five 


1300 five 
—400 five [) —1000 five 


The answer to the original problem is —___—- tive. 


Sometimes subtraction problems are complicated and we need to 
make two equal additions. 
For example, suppose we wanted to find the answer to: 


312 five 
—23 five 
We could add 2 a. to both 312 ge and 23 sre. Then we have: 
314 five 
—30 five 
Then we could add 20 ;;,. to both 314 4,. and 30 4. to get: 


334 five 
—100 five 


The answer to this problem is _____—- rive and thus we have ob- 
tained an answer to the original problem. 


Suppose we try the following problem: 


154 eight 
—66 eight 


First we can add 2 ge, to both 154 gent and 66 cigit, Obtaining: 
156 eight 


—70 eight 


Then we can add 10 cient to both 156 gignt and 70 oignt to get: 


166 eight 
—=100 eight 


The answer to the original problem is 
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eight: 


1400 


400 


66 


65. 


Of course, you can extend this method to deal with problems which 
are quite difficult. 

For example, here are the steps involved in finding the answer 
to 1122 sive — 324 tive? 


1122 five five five five 
—324 five —330 five [) —400 five L —1000 five 


—_——— 


The answer to the original problem, 1122 sive — 324 tive, iS 


five: 


66. Try each of the following problems: 


101 five 
—23 five 


——— five 


1030 eight 
—470 eight 


——— eight 


1231 four 
—313 four 


———— four 


1006 eight 
—227 eight 


——— eight 


47309 ten 
—18415 ten 


—_$$$&$————— 


—————— ten 


75402 ten 
—14511 ten 


—————_ 


ten 
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1128, 1148, 1243 


248 


23 


340 


812 


557 


28894 


60891 


Try Your Hand 


The questions in this section will give you a chance to review and 
extend what you learned in this chapter. The answers to these ques- 
tions appear on page 169. 


1. Find answers to the following subtraction problems. 


a. 8 nine — 5 nine 

b. 23 tour — L1 sour 

c.. 217 went — 104 cignt 
d. 406 coven — 391 seven 
e. 5200 x. — 2000 six 

f, 2104 give — 1102 tive 
g. 8974 ten — 5821 ten 
h. 1175 nine — 150 nine 

i. 3020 tour — 20 tour 

j- 9756 seit L111 esgnt 


2, Try these subtraction problems. 

a. 21 tnvee — 12 tnree 

b. 21 sour — 12 tour 

c. 21 tive — 12 tive 

d. 21 Bix) = 12 six 

e€. 21 seven — 12 seven 

f. 21 sent — 12 eigne 

g. 21 nine — 12 nine 

h. 21 ten — 12 ten 


3. All these problems are in base nine. Find the answer to each one. 


26 nine — 26 nine 
» 26 sine — 25 nine 
26 nine — 24 nine 
. 26 nine — 23 nine 
26 nine — 22 nine 
26 nine — 21 nine 
. 26 nine — 20 nine 
20 sine — 18 nine 
. 26 vine — 1T nine 
. 26 vine — 16 nine 


somo ao FP 


bate 


—- 
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4, These problems are in base five. Find the answer to each one. 


a. A tive — 3 tive 

b. 40 tive — 80 sive 

~ 400 sive — 300 tive 

» 94 tive — 33 tive 

» 340 sive — 330 tive 
AA sive — 83 tive 

» 444 tire — 338 tive 

» 400 tive — 30 tive 
400 tive — 330 tive 

» 400 tive — 33 tive 


Sto ff @ Gc © 


bale 
. 


—e 


5. Use the method of equal additions, where necessary, to find answers 
to the following problems. 


«| 99 ten — 20 ten 

Oo seviet — CO veven 

eS sing — 26 nine 

BOS ins — Lain 

» 251 g — 113 ax 
751 eight ~ 625 eight 

» 2045, — 116 

« 115 seven — 106 seven 

213 sour — 182. tour 

1040 sive — 41 tive 


ao eT Bf 


= oq Pm Oo 


—e 
° 


6. Each of the following problems is in base ten. Use the equal addi- 
tions method, where necessary, to find the answer to each. 


212. — 102, 

© 89 ten — 15 ten 

» D2 ten LO aan 

& TO fen “100 te 

81 cn — 28 nn 

100 yan = 3 a5 

© LOB gg — 27 ten 

» AD pe = 272 ten 
T0T ten — 409 ten 

» L062 sn — BTT tn 


mo ho Rom BP 


mio 
. 


ie 
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7. Find the answers to these subtraction problems. 


an 2dolae 
—154 5. 
bs SO2%tar 
—25 four 
ce. 441 ave 
—44 five 


d. 7744 nine 
—365 nine 


e. 2111 three 
—22 


+= three 


8. Find the missing number in each case below. 
OS coer —P ceven = 1S) even 
P sour — 23 tour = 2 tour 
) Lone") wns = O pine 
» P tour — LL sour = 18 tour 
17 nine — P nine = 8 nine 
P gis — 24 ge = 15 ae 
we? tan — Dt = AT ee 
» 4A give — P tive = 14 tive 
26 cig P eight — ET gue 


asa mo ao & BP 


bmio 
. 


°9, Tell in what base each of these problems was done. 


a. 14,—8,=6; 
b. 12,—6:=3, 
ce 15,—8,=6; 
d. 35 »>—6,= 27, 
e. 11,—2,=2; 


*10. Try each of these subtraction problems. 
40 twenty as 20 twenty 

» 16 twelve 12 twelve 

30 sixteen —_ 9 sixteen 

- 40 twelve ~_ 15 twelve 

. 52 fourteen 49 fourteen 


ao sf 


oO 
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*11. In base ten, when you add 6 ten to 4 ten, the sum is 10 ,... We call 
6 ten 2 complement of 4 ten. Likewise, the complement of 8 ten is 
2 ten TO subtract 8 ten from 12 ten, you can add the complement 
of 8 ten to 12 ten. 


12 ten 
+2 ten 
14 ten 


Then, you subtract 10 ten from this sum. The answer to the orig- 
inal subtraction problem, 12 ten — 8 ten, is Avene 

This method of subtracting is called the complement method. 
Use the complement method to find answers for each of the 


following. 
a, 13 ten b. 13 five 
—6 ten —4 five 
Cc. 24 seven d. 101 three 
—6 seven —2 three 
e 144.4. 
—25 six 


THINK IT OVER 


= Each of these questions will cause you to think—and think hard. If 

you need to look back through the chapter to answer a particular ques- 

tion, do so. 

1. At the beginning of this chapter, we discussed both addition and 
subtraction. How is subtraction related to addition? 

9. You know that 4 sve — 2 tive = 2 tive ANA 4 ton — 2 ton = 2 ten YOu also 
know that 1] ave — 2 tive = 4 tive ANG TD ten — 2 ten = 9 tea Why is it 
that for some subtraction problems the answer is the same as it 
would be in base ten, and for others the answer is different? 

3. Look at problem 11 of the Try Your Hand section for this chapter. 
How does this method compare with the equal additions method 
of subtraction? 

4, When you first learned how to subtract, you probably used the bor- 
rowing method. How is the borrowing method of subtraction re- 
lated to the equal additions method? To the complement method? 
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A Look at 
Multiplication 


LEARNING TO MULTIPLY 


@ By now, you probably have a fairly comfortable feeling about work- 
ing with numerals in other bases. You have learned to transform from 
one base to another and back again, and you have learned how to add 
and subtract in various bases. 

In this chapter you are going to take a look at multiplication in other 
bases. Multiplication, you will find, is related to addition, and so this 
chapter on multiplication will be relatively easy to “conquer. You will 
find that what you learn in this chapter will be of great help when you 
finish this book and return to the base ten world you know so well. 


Multiplication and Addition 


1. In base ten, 3 ten X 7 ten is the same as ——?—. 


a. Coat? en Tie b. pe Vig oe ue 


2. In base ten also, 2 ten X 5 ten is the same as ——P—. 
a. 5 ten + 5 ten b. 5 ten 0% Dita 
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a. Reten tem ate ten 


a 5 ten ++ 5 ten 


10. 


11. 


That is, multiplication can be thought of as a form of —~-P—. 


a. division b. subtraction c. addition 


In later courses in mathematics, you'll learn different definitions 
of multiplication. In this book, however, we'll think of multiplica- 
tion as a form of addition. 


If you see 2 give X 4 sive, you can think of it as 4 sve + 


five: 


You know that 4 gi. + 4 tive = ——_____ five(s) and one(s). 


five: 


And in base five, 1 five and 3 ones is written as 


Let’s try an example in base six. You can write 2 a. X 5 six as 


six + 


six 


In base six, 5 six +5 six = six(es) and one(s). 
Then 2 «x ‘ be sixs 

You know that 2 3. & 3 gi. = six(es) and one(s). 
Then 2.4. % 3 ix = six 
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c. addition 


1,8 


13 


5,5 


1,4 


14 


10 


12. 


13. 


14, 


15. 


16. 


Les 


18. 


19. 


20. 


In base tour, 33a, < 22 — —__ sours) and 


In other words, 3 sour X 2 tour = 


four’ 


Let’s try 4 X 2in several different bases: 


4 five x 2 five — five(s) and one(s). 
Then 4 five x 2 five — five: 

1 Oa — six(es) and one(s). 
Then 4 six x 2 six — six’ 

4 seven ON 2 seven = seven ( s) and one( Ss ) F 
Then 4 aevenN 2 seven — seven 

Monee agit eight(s) and one(s). 
Then 4 eight x 2 eight = eight’ 

4 nine X 2 nine — nine( Ss ) and one(s ) ‘i 


Then 4 nine x 2 nine — 


nine* 


Now let’s try 3X 3. In base ten, 3 ten X 3 ten = ten(s) 
and one(s), Then3 eX 3a — ne 
In base nine, 3 yine X 3 nine = nine(s) and one(s). 


Then 3 nine x 3 nine — 


nine’ 
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one(s). 


1,2 


12 


1,3 


13 


2 


12 


iba 


ll 


1,0 


10 


0, 8 


1,0 


10 


21. And in base eight, 3 sent X 3 etent = 


one(s). 


Then 3 eight x 3 eight = 


eight: 


eight(s) and 


22. In the next few frames, we're going to multiply in base five. Let's 
start with 1 4,2: 


4 


Ls 


2. 


Ae 


23. Still in base five, let’s multiply by 2 sive: 
iI 


ME hee ES) 


24, 2 rive X 4 tive iS written 13 4,. because 2 tive X 4 tive iS 


and 


25. Let’s multiply by 3 «,. in base five: 
1. 


oO F CO pb 


l tive X 0 sive = 


1 five x 1 five — 


1 five x 2 five — 


L tive X 3 tive = 


I tive X 4 tive = 


2 tive X 0 tive = 
2 tive X 1 tive = 
2 sve X 2 tive = 
2 ave X Sve = 
2 tive X 4 tive = 


one(s). 


3 tive X 0 tive = 
3 tive X L tive = 
~ Stive X 2 tive = 
3 tive X 3 tive = 
3 tive X 4 tive = 


five 


five 


five 


five 


five 


five 


five 


five 


five 


five 


five 


26. 8 five x 4 five — 22 five because 3 five x 4. five is 


one(s). 
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five(s) 


five(s) and 


Iya 


ll 


11 


13 


ll 


14 


27. Let’s continue multiplying in base five: 


i: 4 five x 0 five = five 
2. A tive X 1 tive = five 
3; 4 five Si = five = five 
4, 4 five x 3) five = five 


5. 4 five x 4 five — 


five 


28. Now let’s try another base. In base seven, 5 seven X 6 seven = 


one( S That is, 5 seven x 6 seven — 


seven(s) and 


29. In base six, 3 six X 4 six = 


six 


30. In base four, 2 sour XK 3 tour = 


four’ 


31. Try these multiplication problems in various bases: 


i) 5 eight x4 eight = eight 
De 3 seven x 5 seven — seven 
3. 2 tnree X 2 three = three 
4, 4 tive X 4 tive = five 


5. 8 ten x € ten = 


ten 


Extending Your Multiplication Knowledge 


32. So far, you have found the product of two numbers when both 


numbers were less than the base. 


In this section we're going to use the base itself as a snriltipliet. 


You remember that 10 ;,. means ——?—. 


a. one b. ten c. five 
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22 


31 


2, 42 


20 


12 


c. five 


nd 


33. 


34, 


35. 


36. 


37. 


38. 


39. 


40. 


And 10 ,;, means ——?—. 


a. one b. ten c. six 


Since multiplication can be thought of as a form of addition, 
2 five x 10 five means —?—_., 


a. 10 five ah 10 five b. 2 five ar 2 five c. 10 five ale 2 five 


You know that 10 «,. + 10 sy. = tive: Thus, you can see that 


2 tive X 10 tive = 


five: 


And since 10 , + 10 sx = 20 gix, it is easy to see that 


2 six x 10 six — 


six 


Earlier you saw that 
3 five x 1 five = 
Then it follows that 


five: 


3 five x 10 five — 


five: 


In base six: 

f six x 1 six — 4 six 

4 xt ON 10 six — six’ 
In base seven, 5 seven X 10 seven = sevens 


Try each of the following multiplication problems: 
f, 3 eight x 10 eight = eight 


2. 6 seven x 10 seven = 


seven 


3. 2 three x 10 three =< 


three 


4 5 ten x 10 ten == 


ten 


5. 4 six x 10 six — 


six 
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Cc. six 


a 10 tive + 10 tive 


20 


20 


20 


380 


40 


50 


40 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


Im base tour, Gear oo 2 me — four(s) and 


In other words, 3 tour X 2 tour = 


four: 


Let's try 4 X 2 in several different bases: 

a oie = five(s) and one(s). 
Then 4 five X 2 tive = five: 

A Dae six(es) and one(s). 
Then 4 six x 2 six = six’ 

4 seven x 2 seven = seven(s) and one(s). 
Then 4 seven x 2 seven — seven’ 

Awww <2 tote — eight(s) and one(s). 
Then 4 eight x 2 eight = eight’ 

An ho eo Wine§s) and one(s). 


Then 4 nine x 2 nine — 


nine? 


Now let’s try 3 X 3. In base ten, 3 ten X On = ten(s) 
and one(s). Then 8 ten X 3 ten = ae 
In base nine, 8 nine X 3 nine = nine(s) and one(s). 


Then 3 nine x 3 nine — 


nines 
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one(s). 


1,2 


12 


1,3 


18 


1,2 


12 


deel: 


11 


1,0 


10 


0, 8 


1,0 


10 


o 


21. And in base eight, 3 eight x 3 eight — 


one(s). 


Then 3 eight x 3 eight = 


eight(s) and 


eight: 


22. In the next few frames, we're going to multiply in base five. Let’s 
start with 1 4,.: 


1 


iL 
2. 
3. 
4, 
5. 


23. Still in base five, let’s multiply by 2 gre: 
Alp 


US 2) bo 


24. Wsve X 4 tive iS written 13 »,. because 2 give X 4 tive iS 


and 


1 five x 0 five — five 
Tie oe Line — five 
L tive X 2 tive = five 
1 five x 3 five — five 
L tive X 4 tive = five 


2 five x 0 five — 


2 tive X 1 tive = 


2 tive X 2 tive = 
2 tive X 3 tive = 


2 five x 4 five — 


one(s). 


25. Let’s multiply by 3 «,. in base five: 


E 
2 
8 
4, 
5 


26. ) five x 4 five — 22 five because 3 five x 4 tive is 


3 tive X 0 tive = 


3 five x 1 five — 


3 five x 2 five — 
3 five x 3 five — 


3 tive X 4 tive = 


one(s). 
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five 


five 


five 


five 


five 


five 


five 


five 


five 


five 


five(s) 


five(s) and 


1,1 


ll 


ll 


13 


27. 


28. 


29. 


30. 


31. 


Let’s continue multiplying in base five: 


L 4 sive X O tive = ——— tive 
D, 4 five ON il five — ————— five 
3: 4 five xe = five = 2 __=—— five 
A, 4 five x 3 five — —___—__ five 
5. 4 five x 4 five — five 


Now let’s try another base. In base seven, ace Cae = = 


seven(s) and one(s). That is, 5 seven X 6 seven = 


seven* 


In base six, 3 sx X 4 six = 


six' 


Inibase: four: 2itone XX 9 Gone = = — tour 


Try these multiplication problems in various bases: 
I. 5 eight x 4 eight = ——_. eight 


2. 3 seven x 5 seven = 


seven 


three 


Sh 9 three x 2, three = 


4. 4 five x 4 five — 


five 


5. 8 ten x 7 ten = 


ten 


Extending Your Multiplication Knowledge 


32. 


So far, you have found the product of two numbers when both 
numbers were less than the base. 

In this section we're going to use the base itself as a multiplian 
You remember that 10 ;;,. means ——?—. 


a. one b. ten c. five 
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22 


31 


2, 42 


20 


12 


c. five 


33. 


34, 


35. 


36. 


37. 


38. 


39. 


40. 


And 10 ,,, means ——?—., 


a. one b. ten c. six 


Since multiplication can be thought of as a form of addition, 
2 tive X 10 tive Means ——P—, 


a. 10 five ale 10 five b. 2 five aF 2 five c. 10 five = 2 five 


You know that 10 ,,,. + 10 m= tive: Thus, you can see that 


2 five x 10 five — =< five: 


And since 10 .. + 10 4. = 20 six, it is easy to see that 
2 six x 10 ———————— six: 
Earlier you saw that 


3 five x 1 ive five 


Then it follows that 


3 five x 10 ive ——— five: 


In base six: 

4 six x 1 six — 4 six: 

4 six x 10 six — six: 
In base seven, 5 seven X 10 Sea vert 


Try each of the following multiplication problems: 
ale 3 eight x 10 eight SS eight 
2. 6 seven x 10 seven = See a 


3. 2 three x 10 tires == ——— three 
4, 5 ten x 10 i ten 


5. 4 six De 10 six = 


six 
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Cc. six 


a. 10 five + 10 five 


20 


20 


20 


80 


40 


50 


40 


41. 


42, 


43. 


44, 


45. 


46. 


47, 


In base five, you remember that 
2 five x 2 five — 4 five: 
Then it is easy to see that 


2 five x 20 five — 


five’ 

Since in base four, 

3 four x 2 four = 12 four» 
you can see that 

3 four x 20 four — ——————— four 
In base eight: 

3 eight x 2 eight — 6 eight 

3 eight x 20 eight = eight 
In base five: 

4 five x 2 five — 13 five 

4 five x 20 five — ——————— five 
In base nine: 

8 nine x 2 nine — 17 nine 

8 nine x 20 nine —- ——————— nine 


Try these multiplication problems in base five: 


ils D tive X 20 6 = ——_—— nve 
2. S fe X 20 6 = —__—_— ave 
3. 3 tive X 80 tive = ————— ive 
4, 4 tive X 30 sive = —————- tive 
5. 2 tive X 80 tive = ———— ive 


Now try these multiplication problems: 


ll 4 nine x 20 nine — 


nine 
2 S gave S90! seven = ——_—-_—" maven 
Sy 2, three x 20 three = ——___—- three 
4, 9 ten x 90 ten = ———__—- ten 
5: 6 seven x 40 seven —- ———————— seven 
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40 


120 


60 


130 


170 


120 


110 


810 


830 


48. The principle we are using can be extended to include problems 
like 2 sive X 100 sve. You know that 


QeiveX Leive= 2 tive 


and 
2 five x 10 five — 20 five: 
Then 
2 five x 100 five — ——————— fiver 200 
49. 3.4, X 100 ,, =—_?r—_. 
a. 3 six b. 80 six Cc. 300 six c. 800 six 
50. 4 five x 1000 five — —————_——— five: 4000 


51. Try each of the following: 


es Oigie  LOUN Kg SS 3000 
2. 2a < 20006 4¢ = at 4000 
3. Bisine 6 100: nine = ——_——— sie 500 
4. Bie, 200 xg = a 800 
5. Sivayéa OX 200 woven = —=——$_—$_—_—— saver 600 


52. In base five, 
4 five x 2 tive — 13 five: 


Then it follows that 
4 sive X 200 five = —?—. 
a. 800 five b. 1300 five Cc. 13000 five b. 1300 five 
bBo Inibase tive, 3 hve < S000'4., = —_=— _—__ siz 14000 
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54. 


5D. 


56. 


57. 


58. 


59. 


In base six, 
4 six x 5 six — 32 six 


Then you can see that 


4 six x 5000 six —- ————————— six" 32000 
In base eight: 

7 eight x 6 eight = 52 eight 

| eight x 600 eight = ——_____—— eight 5200 
In base nine: 


3 nine x 3 nine — 10 nine 


3 nine x 300 nine = ——_____——_ nine 1000 


Try each of the following multiplication problems: 


b. Oa oe re 2600 
ie ee ee ee ene 330 
S Be A ee ey 1000 
Hh Eas DOU gk 10000 
5 he AU ae = 3100 


Now let’s extend the multiplication principle once again. You 
learned earlier that 


eos Ole olives 
and 
tun 10 ee lO ee 
Then it follows that 
10 give X 10 sive = —?—. 
a. 10 tive b. 100 give c. 400 tive b. 100 tive 


In base eight: 


i eight x 1 eight — 1 eight 
1 eight x 10 eight — 10 eight 
10 eight x 10 eight = ——____—- eight 100 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


In basessix, 104, X10 = es 
Andialso 100) << 101, . = —— eee 
In base five, 


2 five x 2 five = 4 five 
and 
2 tive X 20 tive = 40 sive 


Then it is easy to see that 


20 five x 20 five —- ——————— five: 


Also in base five, 


3 five x 4 five — 22 five 
and 
3 five x 40 five — 220 five: 


Then it follows that 
30 tive X 40 tive = ————_——- tive 


In base seven: 


5 seven x 3 seven = 21 seven 


50 seven x 30 seven — ———"— feven 
In base ten: 
4 ten x 3 ten — 12 ten 
40 ten X 30 = ten 
In base eight: 


3 eight x 2 eight = 6 eight 


300 eight X 20 eight —- ————————— eight 


In base seven, 200 seven X 2 seven = ————— seven 
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100 


1000 


400 


2200 


2100 


1200 


6000 


400 


50397700 


4 


GSieeln basersix, D0 nee <iO0 ge ie 2300 
69. In base three, 200 three x 20 three — —————————— threes 11000 
} 
70: sli base LOU 220 se X20 toon Sto 1000 


71. Complete the blanks in the following base five multiplication 


examples: 
1. 10%. 1000-6 — itive 10000 
2. AD eX 20156 = — tive 1300 
8. LOO aol ee rive 8000 
4, ine eR = rey 14000 
5 405. 30004,.=- ne 2900000 


72. Now try the following problems: 


TAOS C20 ye es 800 
De 70 eteut X 20 etent = —— eight 1600 
BD cee SSL ag te 3000 
a F700 SCA eae 280000 
BS — DOO ierces Daa es 11000 


[77] 


Learning About Partial Products 


73. 


74, 


75. 


76. 


Ti. 


78. 


79. 


In this section we are going to take a look at multiplication prob- 
lems where one or both of the numbers exceed the base. 

One of the problems of this type is 2 tive X 13 sive. If we think of 
multiplication as a form of addition, we can say that 


2 five x 13 five — five ah: 


five: 


And since 13 sy. + 13 give = tive, 2 tive X 13 tive is also equal 


to 


five: 


Now here’s a different way of looking at the same problem, 
2 five x 13 five: 


First we can say that 18 g¢ is 10 tive + 


five: 


Then we have: 


2 tive X 10 tive = five 


2 five x 3 five — 


five 


Adding the two partial products, we see that 


2 five x 13 five — 


five: 


five: 


To multiply 23 ye by 2 tive we can write 23 five aS 20 tive + 


For convenience we will write the smaller partial product first. 


Thus, we have: 


2 five x 3 five — 


five 


2 five x 20 five — 


five 
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13, 18 


81 


81 


20 


11 


31 


ll 


40 


80. The sum of the partial products is ——— tive and thus 


2 five x 23 five — ———_ fives 


81. Let’s multiply 14 sve by 2 tive: 


1. First we write 14 sive aS 10 sive - —— tives 
2. Then we multiply both parts by 2 tive to find partial 
products: 


2 five x 4 five = 


five 


2 five x 10 five = five 
3 And we add the partial products: 
13 five + 20 five = 


five 


4, Thus we see that 
2 five x 14 five = ———— five’ 


82. Suppose you were asked to multiply 24 tive by 4 tive: 


1. First you would rewrite 24 five 8 five + ——tiver 
2, Then you would have two partial products: 
4 five x 4 five = ———— five 
4 five x 20 five = ———— five 
3, And you would add the partial products: 
31 five ++ 130 five = —_—_—_—_ five 


4. You would find out that: 


4 five x 24 five = ——— five’ 


83. Let’s try one in base eight. To multiply 25 eient DY 3 cignts WE write 


25 eignt. 2S eight —T © eight: Then we multiply both 5 cignt and 


20 signe DY —— eight: The two partial products are cignt and 


Adding the partial products, we find that 


eight’ 


3 eight x 25 eight = —__— eight’ 


84, In base four, you would multiply 31 sour by 2 tour by finding the 


partial products: 
2 four x 1 four => ———_ four 
2 four x 30 four = —— fours 
Then 2 four x 31 four => ——__—— four" 
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101 


90, 4 (or 4, 20. You can 
write the numerals in 
either order.) 


81 


130 


211 


85. In base ten, to multiply 47 ten by 5 ten, you would find these partial 


products: 
Dey x ee re 
5 ten x 40 ten — ————————- ten 
Then 5 ten xX 47 ten _— ten* 


86. Just for the sake of practice, here are some exercises in writing 
partial products: 


13 5 seven x 46 seven -{ 
five 


4 five x 
2. 4 five x 31 five = 
five x 30 five 


5 ten x 
8. 75 ten x 6 ten — 
1 three x 
4, 21 three x 2 three — 
nine x 6 nine 


5. 87 nine x 6 nine = 
80 nine x 


87. In base six: 
3 ax XO ay = te 
43 six X 5 six = 
us six Oe eee 


The sum of the partial products is —___—- ix. 


seven x 6 seven 


seven x 40 seven 


ten 


ten x 6 ten 


three 


three x 2 three 


nine 


88. In base eight: 


6 cient X 1 ee ——____— eigat 
6 eight X 27 eight — 
6 eight x 20 eight = —____. eight 
The sum of the partial products is ————— cient, and thus 
6 eight Xx 27 eight —- ————————- eight 
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85 


200 


235 


6 


820 


843 


212 


212 


(Did you see that 
we switched the nu- 
merals around? We 
are still listing the 
smaller partial prod- 
uct first. ) 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


In these next few frames, perform the necessary computations on 
scrap paper. 
When 27,:. is multiplied by 5.4, the partial products are 


six and es Then 27 six x 5 six — ——————— six: 


When 7 in is multiplied by 64, the partial products are 


ten and ——- ten’ Then 7 ten x 64 ten = —_—___ ten’ 


When 87 gg: is multiplied by 5 acu, the partial products are 


eight and eight: Then 37 eight x 5 eight = —___ eight- 
Beet 41 ve = —__—___— aves, (LE necessary, uuseScrap paper for 
the computations. ) 
22 four x 3 four i four: 


2 three x 12 three — 


three’ 


Our method of multiplying may be used even when there are more 
than two partial products. 
To multiply 123 ge by 2 rive, We first write 123 1. as 


100 five + 20 five — 


five 


Then we multiply by 2 sie to get our partial products: 


Zices Saxe = ——— in 

2 sive X 20 a6 = ————__—=fire 

2 tive X 100 give = ———_—— tive 
The sum of the partial products is ____— five, and thus 
123 five x 2 five = —____—- five: 
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55, 140, 285 


28, 420, 448 


43, 170, 233 


228 


132 


101 


200 


301 


301 


98. Let’s try 3 tive X 114 tive: 


3 tive X 4 tive = ——_——- tive 22 

3 tive X 10 tive = ———_— tive 30 

Site X 100 ge. = aire 300 
The sum of the partial products is _____— ire. 402 


99. In base ten, 4 ten X 132 ten gives the following partial products: 


4 ten X 2 ten = ——__—- ten 8 
Big KX 30 = — 120 
4 ten X 100 ten = ——_—— ten 400 
The sum of the partial products is _____ ten. 528 


100. In multiplying 346 oven by 4 seven, there are three partial products: 


Aiseven X — 8 seven: = ———_———— seven 33 

Bers 6) AD sscon = ——_—__— aaa 220 

4 yorad 3 O00 ger — paren 1500 
EUV T 340 gaveen 9% paren eae 2058 


101. Let's try 2 tive X 403 tive: 


NRO Gun: ie ie Sia eat -3 11 

Dice “Oe = ——__—_*_—. va 0 

Den x 400 G5, — 1300 
hen 2e es. 56408 ie5 SS ive 1311 
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102. In base ten, there are three partial products for Gin Oe ten 


6 ten X 7 ten = ——— ten 42 

6 ten X 20 ton = ——————— ten 120 

6g, 300 = 3000 
Then 6 ten X 527 ten = ia 8162 


103. Complete the blanks and find the answer to 8 tive X ADI Fee: 


3 tive X Ltive = aus 3 

Dg a ee = Le 20 

Bg Me nes 400, 2200 
The sum of the partial products is —____—— tive: 2313 


104. In base five, try 3 tive X WAT eee 


five x —————— five = ——_—_ five 8 five x 4 five — 22 five 


8 tive x 10 tive = 30 tive 


ive 6 fe = Se 


8 tive X 100 tive = 800 tive 


— five x —_——— five = ————_— five 


Then 3 tive X 114 tive = ———— ver 402 


105. In base ten, try 6 ten X Silvas: 


ten K ————— ten = —— ten 6 ten x 7 ten = 42 ten 
ten K ten — —— ten 6 ten x 10 ten = 60 ten 
— ten x ———_———— ten = —_____—_—_ ten 6 ten xX 800 ten — 1800 ten 
Then 6 ten 317 ten = Seas 1902 
| 106. 4 tive X 433 tive = five. (Do the computation on scrap 3342 
7 paper. ) 
' 
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107. 2 five x 142] five — ——_—_________ sie 


108. “4 five xX 1032 five —- ——__——— five: 


Using Partial Products 


109. When we multiply 2 ¢,. by 13 g., we write 13 gre aS 8 sive + 10 sive. 
Then we multiply 2 .. by both 3 «,. and 10 s,.. Finally, we add 
the partial products to get an answer. 

Now, we're going to use the partial products method to mul- 
tiply 12 tive by 23 sive. First, we'll write 23 4. as tive t 20 sive: 

Then we have two partial products: 


12 five x 3 five 


12 five x 


five 


130. And each of these can be written as partial products: 


2 five x 3 five 
Wve X 3 tive = 
1 


0 five x 3 five 


2 five x 20 five 
12 tive X 20 tive = 


five x 20 five 


111. Then we have four partial products: 


Zeng % SD tixg = ———— = tive 

10 tive X 3 tive = ——_——- tive 

2 sive X 20 tive = ——_——- tive 

104600 20 4 Se 
The sum of the partial products is _______ ;,., and thus the 
answer to the original problem, 12 give X 23 tives iS ——__—- tive: 
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8342 


20 


10 


11 


30 


40 


200 


831 


831 


five: 


112. Let's try 12 gre X 34 tive. We can write 34 1,. as 30 tise ote 
Then there are two partial products: 


12 five x 4 five 
12 five x 30 five 


Each of these can be written as two partial products since 


12 gy. can be expressed as 10 give + 


ucts are: 
2 five x 4 five 
12 tive X 4 five — 


10 five mK 4 five 


2 five x 30 five 
12 five x 30 five — 


LO five x 


tive: Lhe four partial prod- 


five 


113. Then, to find the product of 12 ;,. and 34 si, we write: 
2 five x 4 five Se five 


10 five x 4 five — ——_____ five 
2 five x 30 five — ——_____ five 
10 five x 30 vo ——<—$————— five 


The sum of the partial products gives the product of 12 4;,. and 
34 tive: The product of 12 tive and 34 ive iS paves 


114, For the multiplication problem 24 yin X 18 pine the partial prod- 
ucts are: 


4 nine x 8 nine 
20 nine x 8 nine 


4 nine x 


nine 


20 nine x 


nine 


115. To find the answer to 24 five X 31 tivey you would write the follow- 
ing partial products: 


4 five x 


five 


4 five x 


five 


20 five x 


five 
20 five xX 
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five 


80 


13 


40 


110 


300 


1013 


10 


10 


80 


30 


116. The partial products for 14 tive X 28 tive ATE: 


Mees five 3,4 
tive five 3, 10 
five X five 20, 4 
tive five 20, 10 
117. Complete the blanks below to find the answer to QA sive X 13 tive? 
Sian 405 —— 22 
$20 Xa = 110 
lac fe0=—— 40 
a. § 2a — 200 
The sum of the partial products is —__——— tive: Thus 429, 
Molex = ——— 2 499 
118. Sometimes multiplication problems are written this way: 
SL isa 
Saweos te Ste 1 
Shivers give = 140 tive 380 
20 tive * nets 2littee 1 
20 tive % sive = 1100 five 30 
The sum of the partial products $9) ee Thus 1318 
- A 1318 
119. Here’s an example in base ten: Oo leax 
X39 ten 
Gen wo ST es 3 
9 ten ten = 180 ten 20 
30 ten ten = 90 ten 3 
30) ten 26 ten = 600 ten 20 
The sum of the partial products is _____—_— ten» and then 897 
‘ 2h Oe 897 
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120. Now try this example in base ten: 


36 hs 
oT ipa ten = 5 ten 
oo ten = 30 ten 
Se eS ten = 120 ten 
ae ten = 600 sen 

TT ISs: 20 wien, Pree a tees 
121. Let's try one in base six: 

OB ros 
ae sx = Sax 
ge ON ax— 20a 
ee io ae 200 a 
Ses ex — 1200 «x 


By adding the partial products, you see that 


23 six x 4] six —- —————————— six: 


122. Now it’s your tum to find the partial products: 


24 five 
x 14 five 


five 


five 


five 


five 


five 
answer 
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1,6 
1, 30 
20, 6 
20, 30 


756 


1,3 
I, 20 
AO, 3 


40, 20 


1423 


81 
130 
40 


200 


1001 


123. Multiply by finding partial products: 


43 five 
x32 five 


five 


five 


five 


five 


five 
answer 


124. In these problems we're going to leave space for you to find the 
partial products and the sum of the partial products: 


31 five 
x24 five 


five 
answer 


125. 25 six 
x41 six 


six 
answer 


126. 39 ten 
x48 ten 


ten 
answer 
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ll 
130 
140 
2200 


3031 


1344 


1545 


1872 


127. You may multiply 124 tive by 32 4,. as follows: 


2siveX A tive = 
2 tive X 20 tive = 
2 tive X 100 tive = 
30 tive X 4 tive = 
30 tive X 20 tie = 


30 five x 100 five = 


The sum of these partial products is 


128. Write the partial products for: 


129. Find the product of: 
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124 five 


x 32 five 


—— five 
= “‘TKive 
—— “ve 
= five 
—=——————“five 


___e_—— five 


133 tive 


x 32 five 

__. 
———— five 
a TNE 
——— five 
eI 
—————— five 


SS 
— 


13 


40 


200 


220 


1100 


8000 


10123 


1] 


110 


200 


140 


1400 


8000 


10411 


4862 


Try Your Hand 


™ These questions will help you to review and extend what you learned 
in this chapter. The answers to these questions appear on page 170. 


1. Imagine that you are living in a strange land called Fiveland. All 
number work in Fiveland is done in base five. Tell how many fivens 
(Fiveland currency) you would have to spend to buy: 


» 12 ge grundles (Each grundle costs 3 4,. fivens. ) 


~ 


be 20 vive mangrads (Each mangrad costs 2 si. fivens. ) 
C. 22 si. badrafs (Each badraf costs 10 ,;,. fivens. ) 
d. 31 4. likmugs (Each likmug costs 20 ¢:,. fivens. ) 


e. 103 s,. snagrugs (Each snagrug costs 2 ,. fivens. ) 


2. Using the method of partial products, find the answer to each of 
the following: 


» Saiz X 12 

ro emne OL eight 

BO Pre orton 

Oe, ul Bae, 

> 20 tive X 14 sive 
B00 si OX SO ve 

24 dina OX 23 nln 

> O04 ces SB eecen 
AD rae 4 21 3 

b OD ty Ae 


—~r moO Mono pw 


ie 
. 


—e 


3. Using the method of partial products, try doing the following base 
ten multiplications mentally: 


® 8 ten x 13 ten 


» UL in K 4D ex 
#12 X26 ten 

50 ten X 35 ten 
J» 34 ten X 11 ten 


sr -> eo ao o p 


bate 
° 
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4, 


*6. 


mis 


There are many ways of multiplying two numbers. Here’s a method 
which is somewhat different from the one described in this chapter: 

To multiply 45 t.. by 98 ten, we multiply 45 ten by 100 ten and 45 ten 
by 2 ten. The two partial products are 4500 ,., and 90 ,,,. Subtract- 
ing 90 ten from 4500 to, we find that 45 4, X 98 font a Ones 

To multiply 75 j.. by 29 ten, we can multiply 75 ten by 30 te, and 
75 ten by 1 ten. The two partial products are 2250 ,., and 75 te,. Sub- 
tracting 75 ten from 2250 ten, we find that 75 ton X 29 ee aniy 17/5 eae 

Use this method to find the answers to the following multiplica- 
tion problems: 


+ 66 ten X 99 ton 

+ 24 ton X 17 ten 

+ TT ton X 9 ten 

OD tae 19 ga 

+ 22 tn MAT se 
33 ton X 29 ten 

+ 54 ten X 19 ten 

» AT ten X 998 ton 
64 ten X 49 ton 

je 88 ten X 9998 ton 


asm ho Mo of 


me 
. 


Find each of the following products: 


a Sax X 8 six fe Dae & Digs 

bec Sayan 8 Olaezen 2.2 tered DX O’eaven 
C. 3 cient X 3 eignt h, 2 etgnt X 5 eignt 
d. 3 nine X 3 nine i, Qing X 5 nine 
©: Sinn X 8 tan j- De 26D tn 


Here are five multiplication problems already done for you. Find 
out what base was used in each problem. 


4,X5,=24, 
. Bix Pa O35 
4,X8,=22, 


. 20 > X 20;:—= 1000» 


OP Ba OFS oe 


Here are some multiplication problems already done for you. The 
base for each problem is not indicated. As an additional compli- 
cation, some of the answers given are incorrect—the problem just 
does not “fit” any base. For each problem (where possible) tell 
what base was used. 


a. 10:X6.=70> f. 62X7:=40, 
be Se T = 17 g. 45x 8,=41, 
c 4;X8,=20; h. 6:X8,=80, 
di6 2X 5.= 30, i. 7:X91= 280, 
e525 <A, =I, js 23x95 15; 
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*8. 


*9. 


*10. 


Find the missing part in each of the multiplication problems 
below. 


a. Sais X Pats = 32 atx 

» 6 aine X P nine = 46 nine 

a® Uithsea 2 LO three = LTO cee 
* Diseven %.? seven = 3 seven 
BO bisa OX Pave = 1400 iy 
Pax X Sax = 10 as 

» S ssno X P sige = 35 sane 

» D-ton XP ton = 75 00 

Ie) Green Deer ent 34 ineren 
j- P tour X 12 tour = 1002 tour 


So tho ao o 


To perform the base nine multiplication 8 yine X 4 nine) YOU can 
do the problem in base ten and then “adjust” the answer to base 
nine. Since 8 ten X 4 ten = 32 ten, Since ten is 1 more.than nine, 
and since there are 3 tens in 32,,,, the answer to the base nine 
problem is 3 more than the answer to the base ten problem. That 
is, fs) ten x 4 a 32 ten> and 8 nine x 4 nine — 35 nine: 

Use this method to find answers to the following multiplication 
problems: 


Bs S quis XO tne 
Ds Syiene XD aigne 
CoS gigne OX 1 wight 
d. 6 nine x 7 nine 
©. 4 eight < 5 atent 


Here is another method for multiplying in base ten. This method 
is sometimes called the “Russian peasant” method. To find the 
product of 15 ,., and 8 jon, you can write: 


15 ten X 8 ten 
30 ton X 4 ten 
60 ten X 2 ten 
120 ten X 1 ten 


Thus we have “halved and doubled” until we found that 


15 ten x 8 ten = 120 ten* 
Use this method to find an answer to each of the following base 


ten problems. 


» 13 tor X 16 ten 
© Den % 24 ten 
35 ton X 16 ten 
» 22 ton X 8 ton 
AD 2D ce 


o Mo oD 
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THINK IT OVER 


1. 


2. 


aC. 


*9, 


*10. 


How is multiplication related to addition? 


Here are two methods of multiplying in base ten. 


24 ten 
KG 24 ten 
QA ten X16 ter 
120 ton 144 ton 
40 ten 240 ton 
200 ten 384 ton 
384 ton 


How are the two methods related? 


Some people write multiplication problems like this: 
21 ten 
X65 ton 
105 ten 
126 ten 
1365 ten 


Why is the second partial product “indented” at the right? 


Why does 10 X 10 = 100, regardless of what base is used? 


In problem 4 of the Try Your Hand section of this chapter, you 
use a “new” method of multiplying. Can you find still other 
methods? 


. Why is it that some of the parts of problem 7 of the Try Your 


Hand section are impossible? 


When you multiply 23 g.. by 14 tive, you have four partial prod- 
ucts. When you multiply 216 cient by 35 cignt, you have six partial 
products. How can you predict the number of partial products 
you'll have in a given problem? 


In base ten, the complement of 8 ten is 2 ten. How can you find the 
product of 4 ;., and 8 ¢.n using the complement of 8 j.,? Can this 
method be used with other bases? 


In base ten, 4 ton X 2 ton = 8 ten: Als0, 5 ten X 3 ten = 15 ten. In base 
ten, the product of two one-digit numbers must be either a one- 
digit number or a two-digit number. Is this true for other bases? 
How can you predict the number of digits in the product of a 
given multiplication problem? 


In base ten, 9 ten + 9 ton = 18 ten ANd O ton X 9 ten = 81 ten. In base 
WINE) Spur Syne — | Vqade- BU She. Omtnn == UL gma d base 
eight, T tent 1 T eignt = 16 eign and 7 cient X 7 eignt = 61 cicnt: What 
pattern exists here? Does this pattern hold for other bases? 
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A Look at Division 
© 


qi 


a 
ee 
Ta. 


TURNING DIVISION. AROUND 


@ From your knowledge of base ten, you know that 8 + 4 = 2. Can you 
use the numbers 2, 4, and 8 to make a statement about multiplica- 
tion? Certainly you can. You can make two statements. You can say 
that 2X 4=8 and also4 x 2=8. | 

In this chapter you are going to learn about division in other bases. 
First, you'll see that division is closely related to multiplication. Then 
youll see that division is also related to subtraction. As you work 
through this chapter, you'll begin to see your “old” method of division 


in a brand new light. 


Division and Multiplication 


1. 


We can use our knowledge of multiplication to help us solve divi- 
sion problems such as 11 seven = 2 soven = ?P seven 


First we rewrite 11 geen <2 seven = ? soven 2S 
2 seven X P seven = 11 sevens Our new problem is a problem in —-?P—. 


a. addition b. subtraction c. multiplication 


If you are asked to solve the division problem 


15 seven = 4 seven = ? seven YOu could rewrite the problem as ——P—. 


a. 15 seven x 4 seven — ? seven 
b. 4 seven x P seven — 15 seven 
c. 4 seven > 15 seven — ° seven 
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c. multiplication 


b. 4 seven P seven — 
15 seven 


. Instead of solving the division problem 18 ton + 6 ten = ? tens you 
could use your knowledge of multiplication to find the answer to 


— = 
ten x p ten = 18 ten 
ten Ec ? ten — 18 ten 


i i OE ten = On 


a. 6 
b. 6 
Cc. 

» The division problem 121 gree + 2 three = P tnree may be rewritten 


as three x ? three — ———____ three 


. In base five, 100 se = 10 sive = P sive may be written as 


ee als five — ———___— five: 


» Rewrite 212 4. + 2 4x = P sx as a multiplication problem: 


six x —— six = ——_____ six 


» Rewrite 1818 sire + 13 give = P tive AS a multiplication problem: 


five x ————- five = ——______ five 


. Here are some multiplication facts in base five: 


2 five x 1 five — 2 five 3 five x 1 five — 3 five 4 five x i five — 4 five 


2 tive X 2 tive—= A tive |3 fee \ 2a — A tive |4 tive X 2 five = 13 five 


2 tive X 3 tive = 11 gy. 3 tive X 3 tive = 14 tive |4 tive X 3 tive = 22 tive 


2 five x 4 five — 13 five 3 five x 4 five — 22 five 4 five x 4 five — 31 five 


You can use this list of multiplication facts to solve division prob- 
lems in base five. 


For example, suppose you want to solve: 22 tive + 4 tive = Prive: 
You know that you can rewrite this problem as P. 


a. at five x 22 five — ? five 
b. 4 five x p five — 22 five 
Cc. 4 five em 22 five — P five 
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a 6 ten X Pea = 18 ten 


2, 121 


10, 100 


2, P, 212 


13, P, 1313 


b. 4 tive X r five = 22 five 


10. 


ll. 


12. 


13. 


14, 


In the list of multiplication facts, you see that 4 tive X 3 tive = 22 sive: 


Then you know that 22 ;,,. +4 _— 


You can easily find that 14,,, +3 tive = 3 tive because you know 
from the list of multiplication facts that 


five x 


Since? sie X Avs = 15s you know that 13 sive + 2 tive = 


In base five, 11 sive + 3 tive = 


And 31 five: Tas: 4 five — 


five — 


five: 


five: 


five: 


five: 


five: 


Here are some division problems in base five. Find the answer to 


each one: 


i, 


2. 


3. 


4, 


10. 


22 tive +3 five — 


five 
a five 
dae ove = five 
LL ag > 2 ree = five 
4 ite > Lge = five 
22 tive 4 tive = five 
13 tive 4 = five 
2 five ey 1 five — five 
3 ave GO five = five 
LL five + inv five 
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8, 3, 14 


15. Now here are some multiplication facts in base seven: 


2 seven x i seven = 2 seven 3 seven x 1 seven — 3 seven 


{ie ee 
ieee XA eces 1B oe 
seven X 5 seven = 21 sere 


2 Seven x 6 seven = 15 seven 8 seven x 6 seven — 24 seven 


Fella = Be 
a 


4 seven x 6 seven — 83 seven 5 seven x 6 seven — 42 seven 


6 seven x 6 seven — 51 seven 


SINCOS pecan CA gece U5 avers you know that 


15 seven Soe 3 seyen — 


seven’ 


16. In base seven, 33) seven 4 seven — 


seven: 


17, And 42 seven — 5 seven — 


seven? 
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18. Here are some division problems in base seven. Use the list of mul- 
tiplication facts to help you find the answer to each one. 


le ld seven 3 2 seven = seven 4 
2. 24 seren + 3 seven = seven 6 
3. 15 seven ora 2 seven — seven 6 
4, 4 seven ae 1 seven — seven 4 
5. a seen 5 


19. Here are some more division examples in base seven: 


1B 1 a sees 3 
GS Wie ee a 5 
o atte ow, 4 
4 Sie 6 = he 6 
5. yo: ee — a yee 4 


20. One of the multiplication facts for base seven says that 
Dann Deen = 21 ses 
It follows, then, that 
5 seven X 30 coven = —?—. 
ty 210 ec bei2l ges, ©. 150 seven a. 210 seven 


21. Another multiplication fact says that 
2 spo XA sevon = LL sects 
You could say that 
20 seven X 4 seven = ——?-—. 
Be rar bs 110 coven €) 1100 cca b. 110 seven 


22. Because 
B seri XG aren = AL sare 
you can see that 
Bis, X 6Oesiey =P 
DAD cecén b. 420 coven C. 4200 seven Cy 4200 seven 
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23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


Now let’s go back to studying division. Since 40 seven X 5 


260 seven, YOu know that 260 seven -- 5 seven = 


In base seven, 300 seven X 5 oven = 2100 sevens Lhen 


2100 seven 5 seven = ——— 


seven* 


In base seven, 2600 seven - 5 seven = ——?-—. 
a. 4 seven b. 40 seven c. 400 seven 


And 5100 seve; 6 eve = —_ 1 — 
a. 6 seven b. 60 seven c. 600 seven 


Try each of the following division problems: 


al; 830 seven = 4 seven = 


seven 


2. 2400 seven a 6 seven ——————— seven 


3. 13 seven or 5 seven = 


seven 


4, £20 sive = 8 teen = 


seven 


5. 15000 seven ara 6 sevex — ——$_——_——_— seven 


Since 10) cow 26D seven = 00 pores, you can say that 


50 seven =o 5 seven = 


seven® 


In base seven, 100 geven X 42 seven = 4200 sevens Len 


4200 seven = 42, seven = — a Serene 


32000 seven ao 32 seven = eT OELS: 
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seven: 


800 


c. 400 seven 


c. 600 seven 


2000 


10 


100 


1000 


31. 


32. 


33. 


34, 


35. 


36. 


Since 21 seven x 100 seven — 2100 seven> 2100 seven 100 seven — ==. 


a. 21 seven b. 210 seven c. 2100 seven 


In base seven, 56000 seven = 1000 seven = 


seven* 


Since 3100 seven 31 seven — 100 seven? 3100 seven > 310 seven — —— 


a. 10 seven b. 100 seven Cc. 1000 seven 


4200 seven ~ 420 seven — 


seven* 


And since 3100 Reve ahs 100 seven — 31 seven> 
3100 seven 10 seven — — . 


a. 10 seven b. 3] seven c. 310 seven 


Complete the blanks to solve each of the following 
problems: 


he 220 seven ee 10 seven = 


seven 


2: 14000 Maan soe 10 seven —- —————————— seven 


8. 2400 seven ~~ 240 seven — 


seven 


4. 54000 Reventaell 540 seven —- ————————- seven 


5. 86000 seven =o 100 seven = sare 
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division 


a. 21 seven 


56 


a. 10 seven 


10 


ce. 310 seven 


22 
1400 
10 
100 


860 


37. 


38. 


39. 


40. 


41. 


Now let’s go back to base five. Here is the summary of multiplica- 
tion facts for base five: 


2a X Wg 2 ne 3 tive X Ltive= 3 tive | 4 tive X 1 tive = 4 tive 
2 five x 2 five — 4 five 3 five x 2 five — i five 4 five x 2 five — 13 five 


2 five x 3 five — 11 five 3 five x 3 five — 14 five 4 five x 3 five — 22 five 


2 five x 4 five — 13 five 3 five x 4 five — 22 five 4 five x 4 five — 31 five 


In base five, 
4 five x 3 five — 22 five: 


Thus, you can see that 


4 tive X 30 ty¢ = —_ five: 


Then, 220 give + 30 tive = 


five: 


Since 8 tive X 20 sive = 110 sive, 110 tive + 20 tive — 


five: 


In base five, 20 tive X 40 sive = 1800 4:,-. Then 


1300 five =r 40 five — 


five: 


200 sv X40 cpg = —____. tive: Lhen 


SOOO sect AO ep ee 


Try the following division problems in base five: 


LB 2200 sive 3 se¢e = ——___— ve 


2. 110 sice 20 sive = five 

3. 4000 tive + 400 tive = five 
4. 13000 tive + 400 tive = five 
5. 1400 sive = 30 sve = five 
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220 


20 


13000 


200 


400 


20 


80 


43. Here are some more division problems in base five: 


fe 220 tive + 30 five — 


five 


2, 1400 five 30 five — five 
8. 400 five = 2 five > five 
4, 1300 five 2 five — ———_———— five 


5. 11000 sive + 200 tive = 


five 


Another Method of Division 


44, Jn all the division problems you've seen so far, you have been able 
to use a list of multiplication facts to help you find the quotients. 
(A quotient is the answer to a division problem.) Since you will 
be studying division in several different bases, you are now going 
to look at a method of division which does not depend on your 
knowledge of multiplication facts for a given base. This new 
method depends upon subtraction. 
Let’s use the new method to find the quotient for the division 
problem 10 ,. + 2 «x. = ? «x. Instead of using a list of multiplica- 
tion facts, we're going to subtract 2 4. from 10 gx. 


10 six 
=2 six 


a. 2 six b. 4 six Cc. 8 six 


45. We can continue to subtract 2 ,;. from 10 ,,, until we reach 0 ,.: 
LORS 
=a six 
4 six 
—2 six 
2 six 
—2 six 
0 six 
We were able to subtract 2 ,,, from 10 «x 
we finally reached 0 ,,,. 


?—— time(s) before 


a. three b. four c. ten 
46. Then we know that 10 ,, + 2 i. = ——?—. 
a. 3 six b. 4 six c. 10 six 


[ 102 ] 


b. 4 six 


a. three 


a 38 six 


47. Now let’s try a problem in base five. Let’s divide 13 a, by 4 tive: 
13 five 


—4 five 


five 
—4 five 


0 five 
We were able to subtract 4,;;,. from 13 ,,, ——?—— times before 
we finally reached 0 give. 
a. two b. three c. four 


48. Then 13 five = 4 five — 


five: 


ry @ 


49, Let’s try a problem in base eight. Let’s find the quotient for 
10 eight oe 2 eight: 


10 eight 


—2 eight 


eight 
=—2 eight 


eight 


—2 eight 


eight 
— eight 


eight 


We were able to subtract 2 gene from 10 en: —-?— time(s) be- 
fore we reached 0 cigue- 


a. one b. four c. ten 
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b. four 


50. Then 10 egies ln eight 4 


51. Let’s try a division problem in base nine. Let’s divide 20 ae Be 
6 nine‘ 


20 nine 
nine 
nine 13 
~~Y nine 
nine 6 
~~¥U nine 
nine 0 
Thus you see that 20 jine + 6 nine = Se 8 
52. Now, in base seven, let’s use the subtraction method to divide 
21 seven by 5 seven * 
21 seven 
seven 
seven 13 
~—~Y seven 
seven 5 
~~Y seven 
seven 0 
The quotient for 21 seven 5 seven iS Boas 8 
53. Here’s one to do all by yourself. In base three, use the subtraction 
method to divide 11 giree by 2 hres! 
2 


You can see that 11 tree + 2 three = 


three: 
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54. Here are some division problems for you to solve. Use the subtrac- 
tion method to find the quotient for each one. Do the computation 
work on scrap paper. 


1. 22 five en 4 five — 


five 


four 


2. 12 four a 3 four — 


3. 17 eight 73 5 eight — 


eight 


4. 20 six =e 4 six — 


six 


59. Ifa list of multiplication facts in the various bases had been avail- 
able, you could have solved all the previous division problems 
directly from the table. The subtraction method, however, can be 
used even when a list of multiplication facts is not available, 

Let's look at a division problem for which a list of multiplication 
facts would be hard to find. Let’s divide 54 a DY 1G ae 


54 seven 
—iI6 seven 


seven 


=16 seven 
——ees 


seven 


—=i6 seven 
———— 


seven 
Since we were able to subtract 16 ,..., three times from 54 ‘seven, WE 


know that 54 seven - 16 seven = 


Feven* 


56. We can, of course, use the old, familiar method of writing a divi- 
sion problem. The subtraction method is the method we'll use. 


Try this one: 
12 nro) 4] five 
be five 


five 


—=12 five 


five 


—12 five 


five 


The quotient for 41 ¢:,. + 12 sive is 


five: 
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85 


16 


12 


57. Now let’s try a problem in base six: 


34 aie) 112 six 
—34 six 


You can see that 112 ,,. + 34... = 


58. Try this one on your own: 


——— 


22 tree ) 121 three 


The quotient for 121 jiree —- 22 three 1S 


59. Use the subtraction method to solve each of these division prob- 


lems. Do your computations on scrap paper. 


I. 52 ame 16 noe 


eight 
2 212 sive + 84 tive = five 
3. 1112 a. + 334 4, = six 
d DO gn eee = seven 
5 432 tive + 124 tive = five 


60. Suppose you were asked to divide 20 tour DY 2 tour and you decided 


to use the subtraction method: 


2 eg 20 four 
2, 


= four 


four 


Since you were able to subtract 2 tour from. 20 


know that. 20)o5.°2 2-40, = —?-—_. 
a. 4 four b. 10 four 
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tour LOur times, you 


c. 3 four 


34 


12 


10 


b. 10 four 


61. Of course, if you had wanted to, you could have used multipli- 
cation facts to find the quotient of 20 ¢our + 2 sours You know that 
2 sour X 10 sour = 20 tour, and thus it would have been easy to see 


that 20 our -~ 2 sour = nee 10 


62. Using the subtraction method, let’s find the quotient of 
20 three aor 2 three: 


2 three ) 20 three 


—=2 three 
——— ae 


three Lt 
2 three 
three 2 
—2 three 
——— three 0 
We subtracted 2 jn... three times. Thus we can say that 
20 three ~~ 2 three — pP—., 
a. 3 three b. 10 three Cc. 2 three b. 10 three 
Combining Steps 
63. Instead of subtracting 2 tree three times in a problem such as the 
one above, we can combine all the steps into one. We must be 
sure to keep track of the number of times we subtract 2 Pe 
2 ae) 20 three 
20 three 10 three 
0 three 
The 10 tree tells us that we subtracted 2 three ——P-——. times in 
one step. 
a. two b. three c. four b. three 
64. Let’s divide 30 fiye by 3 five: 
3 tive) 30 five 
30 five 10 five 
0 five 
Thus, in base five, 30 tive + 3 tive = Tee 10 
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65. Suppose we want to divide 22 pecan DV Ohesven: 


2 neren) 22 seven 
In the first step we get a partial quotient of 10 .o.en: 


2 mien 22 seven 


20 seven 10 seven 


seven 


But you can see that we haven’t yet reached 0 ,.yen. Let’s continue: 


2 sven) 22 seven 


20 seven 10 seven 
—_—_—_____. 
2 seven 

2 seven ii seven 


seven 


The swum of our partial quotients, 10 seven aNd 1 seven, tells us our 


Beven* 


final quotient. You can see that 22 weve 2 teres = 


66. Let's divide 36 jine by 3 ine In the first step we get 10 yin. as a par- 


tial quotient: 


3 ne) 36 nine 
30 nine 10 nine 


nine 


But you see that we're not finished yet: 


3 sities) 36 nine 
80 nine LOW ns 

6 nine 
3 nine ———— nine 


————_nine 


3 nine 


nine 


nine 


The sum of the partial quotients, 10 jines 1 nines and 1 nine tells us the 


final quotient. You can see that 36 hee ae 


nine: 
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11 


12 


67. Here’s a problem in base five. First we get 104, as a partial 
quotient: 


4 ve) 134 five 
40 five 10 five 


five 
But we can subtract 40 ,,,. once again: 


+ five) 134 five 
40 five 10 five 
44 five 
40 five 


five 


five 
And finally, we subtract 4 5,,. to get 0 tive: 


4 tive) 134 five 
40 tive 10 sive 
4A sive 
40 tive 10 sive 
4 tive 
4 tive 
0 five 


five 


The sum of the partial quotients tells you that 


134 five > 4 five — ——___ five: 


68. Try this division problem in base seven: 


5 seven ) 143 seven 


seven 10 seven 


seven 


seven 10 seven 


13 seven 


seven 1 seven 
seven 
D seven 1 seven 
seven 
Thus, you see that 143 seven — 5 soven = evel 
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10 


21 


63 


50 


69. Here’s a division problem in base ten: 


ey fen.) 147 ten 


ten 10 ten 
ten 
ten 10 ten 
ten 
3 T ten 
Osa 
You can see that 147 1. + 7 ten = aus 


70. Here’s a division problem for you to try on your own: 


6 eight ) 226 eight 


The quotient for 226 gen + 6 dignt 48 


eight 


71. Now try these division problems. Do the computation on scrap 
paper. 


IE 51 seven ~ 4 seven — seven 
2. 165 nine ar i nine — nine 
3. 124 eight = Kd eight = eight 


4, TAG ies SO ine — 


five 


Bt 112 three = 2, three = 


three 
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21 


81 


12 


22 


14 


81 


21 


72. We can easily extend the method we have been usin 


divide 311 ve by 3 tives 


Our first step gives us a partial quotient of 100 


8 tive ) 311 five 
300 five 


five 


But we still haven’t reached 0 ,,.. Let’s continue to subtract: 


3 Hive) 311 five 
300 five 
iat five 


five 


five 


five 


0 five 


The quotient for 311 sve + 3 tive is 


100 sive 


100 five 


1 five 


it five 


five: 


73. Here’s another problem similar to the last one: 


4 seven.) 411 seven 
400 seven 


seven 


seven 


seven 
seven 


0 seven 


When you find the sum of the partial products, you know that 


41] seven ce 4 seven = meee TK) 


74, In base five, try this one: 
4 tive ) 1304 five 
400 five 
404 five 


five 


five 
five 


0 five 


You can see that 1804 4..+ 4 tive = 
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seven 


seven 


Screeners) 1 1 | 


five 


100 sive 


five 


five: 


g. Suppose we 


five* 


ll 


102 


100 


11 


100 


75. Here’s an example in base six: 


5 9) 1045 six 


six 100 ax 
145 ais 

50 six 

5D six 


six 


5 six 
0 six 


The sum of the partial quotients ig __— 


76. Here are some division problems in assorted bases. Try each one. 
Do your computations on scrap paper. 


il Ce 0 pe 
2. DOS ning Sige 
3. O44 ye 4 ge 

4, SU ie = Uae So 


5. 19202 fone Oxon 


77. Thus far, most of the divisors you ve seen have had only one digit. 
Let’s look at some problems in which the divisor has more than 
one digit. For example: 


12 size} 314 five 


five 10 five 
144 five 


five 10 five 


five 
12 five Fe 


12 five 


five 1 five 


0 five 


Thus, 314 ive ae 12 five — 


five: 
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500 


10 


50 


121 


120 


120 


12 


78. 


79. 


In base eight, try this one: 


37 éight) 1017 eight 


eight 


427 eight 
370 eight 


37 eight 
37 eight 


0 eight 


You can see that 1017 cignt = 37 eignt = 


In base six, try this one: 


204 ax) 4532 a1, 


six 


2452 ix 


six 


_—_—___. 
0 six 


The quotient for 4532 ,,, + 204 .. is 


10 eight 


eight 


eight 


eight: 


10 Bix 


10 six 


six 


1 six 


six« 


80. In base ten, find the quotient for this problem: 


316 ten) 31916 ton 
31600 ton 


ten 


ten 


0 ten 


Thus 31916 jen = 316 son = 
[113] 


ten: 


1 ten 


370 


21 


2040 


204 


22 


100 


816 


816 


101 


81. Try this one on your own: 


45 woven) 6105 seven 


The quotient for 6105 seven + 45 seven iS ——___ sevens 121 


82. Find answers to each of the following division problems. Perform 
the computations on scrap paper. 


| Ls eee | 7 28 
2. 2022. eur ~ 113 tour = a 12 
8. 2080 n+ 10 me =, 130 
2 Ot Ol aa 201 
5, ‘S0401 24) ee 1121 


Try Your Hand 


m These questions will help you review what you learned in Chapter 5. 
The answers appear on page 170. 


1. Find quotients for the following division problems: 
a 44.tent + A ciont 
b. 32 c+ 5 atx 
C. 62 rine = 8 sigs 
d. 100 5. + 4 six 
@. 224 sine = 8 nine 
fe VAD. coven + Bieovea 
Be A ese pe 
hs $13 ine = G6 wine 
I. 2024 tive + 4A tive 
j- 2030 sour + 130 gour 
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2. Find the missing part in each of the division problems below: 

5 ities tive = 1 give 

» 26 seven = P seven = 5 seven 

f uit ight = Oat 

y TOG ote, = De 

oo ieee LL ce, a te 

Pate sO ght — 1 eight 

oO even 2! uses =O eecen 

Se Eat pea cay Ue pees Gree 
P pn = Oey = Sew, 

te 22 geet? ear = Le 


Sm r*o Mo om p 


into 
. 


3. Here’s a “new” way of looking at division. To divide 98 jo, by T ta) 
we express 98 to, aS 70 to, + 28 tn. Then we divide both 70 ,,, and 
28 ten by 7 tens The two partial quotients, 10... and 4 ,.,, tell us that 
98 ton + 7 ton = 14 te, Use this method to find answers to the follow- 
ing division problems. 

» 18 ew = Bien 

3 Aiea O aera 

DUG cane te © ane 

+ 524 stent + 5 otgnt 

144 ton + 8 ton 

1267 ne © nine 

© 413 tive + 4 tive 

» 204 oi. + 2 six 

i. 143 pen + 18 ter 

Je 228 on + 19 ten 


So -# Oo ao om p 


4. If there are 12 ,., objects in a basket, the objects can be divided 
equally among three friends because 12 te, +3tn—=4te Tell 
whether the following collections can be divided equally among 
three friends: 

» 16 sine badrufs 

. 24 4:,. scandliks 

. 32. budjeebs 

. 71 nine haggles 

» 12 tree pathebs 

100 ven Lattlers 

» 66 ine divots 

- 306 .. hibbards 

100 jine Skillups 
. 144... ballywigs 


som mo RO et fw 


eo 
. 


eo 
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5. The following problems have been done for you. Find the base in 
which each problem was done. 


a. 22,+3,=4, 
b. 15,+2;=7, 
c. 40,;+8,—5, 
d. 52,+4,=12, 
e. 101,+2,—12, 


6. Here are ten division problems. Some of them “come out even” 
and some of them don’t. (By “come out even” we mean that there 
is no remainder.) Tell which of the problems “come out even” and 
which do not. 


Bs 22 tour = Stone 
be 2h sce Brees 
Co 00 gts Situs 
d. 47 eight + 4 eight 
@y- B2 sagen S° 2S geven 
f. 45 cient + 6 eight 
Be 25 ix +5 atx 

h. 31 tour — 2 four 
In OS4ne Oo five 


J» 36 escnt + 6 cient 


THINK IT OVER 


= These questions will make you think hard about what you ve learned 
about division. Try each one. Don’t be afraid to experiment even 
though your answers might be different from those of your classmates. 


1. How is division related to multiplication? To subtraction? 


2. How is the “subtraction” method of division related to the “partial 
quotients” method? 


3. How is the division method in problem 3 of the Try Your Hand 
section above related to the method you studied in this chapter? 


4, In base ten, you can easily tell whether or not a number is divisible 
by ten. The numeral must end in 0. How can you tell when a base 
fwe numeral represents a number divisible by five? How can you 
tell when a base six numeral represents a number divisible by six? 
Does this pattern always hold? 


5. In base ten, you can easily tell whether or not a number is divisible 
by 2—the numeral must end in 2, 4, 6, or 8. How can you tell 
whether or not a number is divisible by 3? By 4? By 6? 
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A Look 
at Base Two 


0 


Lf ") 
THE SIMPLEST BASE 


™ In this chapter you will have a chance to learn about one of the most 
useful, interesting, and simple bases in all of mathematics—base two. 
In base two you will see some more unusual number facts. You will see, 
for example, that 11 ty. X 11 two = 1001 wee 

Aside from studying base two number facts, you will take a brief 
look at an application of base two in a new and vastly important field— 
computers. 


Using Base Two Numerals 


1. In base ten, you use ten digits. To write numerals in base five, you 
use ——P— digits. 


a. two b. five c. ten 


2. You would expect to use —-?— digits in base two. 


a. two b. five c. ten 


3. We're going to write all numerals in base two by using the digits 
0 and 1. 


The numeral for one in base two is 


two: 
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b. five 


10. 


. The numeral 10 ,,,, means ——?—. 


a. five b. ten c. two 


You remember that, in base ten, the 1 in 10,,, is _______ times 


the 1 in 1 ,.,. And the 1 in 100 ,., is ______ times the 1 in 10 ,,,. 


In base five the 1 in 10,,,. is ________ times the 1 in 1 ,,,., and 


the 1 in 100 «,, is __________ times the 1 in 10 ,,.. 


Then, in base two, the 1 in 10 ,,.. is ——?—— times the 1 in 1 ,y,. 


a. two b. five c. ten 


Thus 10 ,,,, means 1 


one(s). 


two(s) and 


And 11 ,,,. means 


ten 


ten 


five 


five 


11 


ll. 


12. 


13. 


14. 


15. 


16. 


The I in 100 ,,., is ——?—— times the 1 in 10 ,,.. 


a. two b. five c. ten 


Thus 100 ,,, means | ——?—. 


a. four b. twenty-five c. one hundred 


And 111 ,,, means two(s), and 


one(s). 


four(s), 


ten: 


You would write 111 ,,, in base ten as 


Express each of the numerals below in base ten: 


I. = two(s) and one(s) 
Mie 10). ive 
2. eS two(s) and ____ one(s) 
Thos 1, = ces 
3: 101 5. = ——_foarts), two(s), and ___ one(s) 
Thus, 101 ,. = As 
4, 110 ¢— —— tour(s), two(s), and ___ one(s) 
Vs PLO can 
5. LW igs es POLE), two(s), and ___ one(s) 
Thus, 1114, = oe 
The 1 in 1000,,. is ____. times the 1 in 100,,,. So 1000 .,. 
means 1 ——?—. 
a. four b. eight c. one thousand 
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a. two 


a. four 


le ee! 


b. eight 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Since 1000 so = 8 ten, you can see that 1001 ,,, = ——?—_. 
a. 5 ten b. 9 ten c. 1001 ten 


The numeral 1010 ,,,. tells you there are eight(s), 
four(s), one(s). Thus, 1010 ,,. is the 


two(s), and 


Same as 


ten: 


1011 io = 


To transform a numeral from base ten into base two, or vice versa, 
we find out how many ones, twos, fours, eights, etc. the numeral 
represents. 


eight(s), four(s), 


For example, 9 ,., represents 


one(s). Thus, 9 ten = 1001 two. 


two(s), and 


In base ten, 12 .. has eight(s), four(s), 
two(s) and ane(s).) Tansy 12...=>_- 2) 2 =e, 
The numeral 1101 ,,,. means eight(s), four(s), 


two(s), and one(s). And so, 1101 two = 


ten’ 


In base two, the numeral 16 ,,, can be written as ——?P—. 


a. 100 two b. 1000 two c. 10000 to 


Translate each of the following from base two to base ten: 


1 1110 wo = 
2, 10001 wo = te 
3. 11000 tno = ten 
4, 1101 iyo = > 


5. 100000 t.0 = 


ten 
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b. 9 ten 


1,0 
1,0 
10 


il 


1:0 


0,1 


1, 1,0 
0, 1100 


teal 


? 


0, 1, 18 


c. 10000 two 


14 


17 


25. Change each of the following numerals from base ten to base two: 


10010 


1. 18 ten = _____—_— two 


10101 


2. 21 ten = ————_———- two 


11000 


3. 94 ten = ____——_—_—_ two 


11111 


4, 31 ten — ————— two 


101000 


5. 40 ten. — ————————— two 


“Bulb Numerals” 


26. One of the most important applications of base two is in the field 
of electronic computers. We can’t go into any great detail about 
computer theory, but we can take a look at one simple application 
of base two in electronics. 

You know that there are two positions for an electrical switch— 
off and on. You know also that we use only two digits in our base 


two system—0 and 


97. An electric bulb can be on, like this: 


In this case, the bulb stands for the digit 1. 
Or it can be off, like this: 


In this case, the bulb stands for the digit : 0 


28. Arrangements of bulbs can be used to represent numerals in base 
two. 


_ = CT 
The arrangement above represents the numeral 10 two. 


mn 


This arrangement represents ——?—.. 


#5. nas b. 100 ino é 10Les ah 110%. 
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29. To represent 101 ,,., we would use —-?P—. 


30. Shade or color the appropriate bulbs for each of the following: 


df VT ses 
2 LN two 
3. VOT ess 


4. 1001 ino 


5. ite 


31. Translate each series of bulbs to a numeral in base two: 


i eer eee ee 1110 
2, a, 110 
3. estes es 1111 
ee eee ee ee 101 
5 = = FF LU ‘wo 1000 


32. Now let’s translate directly from “bulb numerals” to numerals in 


base ten. For example: 


means 2 ten 


means 8 ten. 


means 4 ton. 


Then means 


ten: 


33. The arrangement 


stands for 


ten’ 


—_—_—_—_—_— 


34, The arrangement 


represents 


ten: 


—_—_—_—_—_———_ 


35. Translate each of the following “bulb numerals” into base ten: 


I ten 
2: ten 
3. ten 
A. ten 
5; ten 


[ 123 ] 


10 


1] 


13 


15 


36. Translate this “bulb numeral” into a base ten numeral: 


—_—_—_——_—__ 


The bulbs represent _____,,,. 


37. Now express in base ten each of the following “bulb numerals”: 


ten 


ten 


ten 


38. Now try translating base ten numerals into “bulb numerals.” Shade 
the appropriate bulbs in each case: 


A Ties 
2 (eae 
8 20 ten 
4 23 ten 
5 28 ten 


39. Now try these: 


t 26... 


2. 32 ten 
LL 


oc, Bian 
ee ee ee 
4. AO bon 
ee ee 
BY ite, 


Addition in Base Two 


40. Using “bulb numerals” is only one application of base two. We 
can also add, subtract, multiply, and divide in base two. Since. 
there are only two digits in base two, 0 and 1, the four operations 
are quite easy. 

Let’s take a look at addition. In base two, 
a two + 1 two — st 


ie dee Del ay Cc. 100 ino 
41, 1 two + 1 two - I two — —?P—., 
a. 10 two b. JT two c. 3 two 


42, 1 two + i two + 1 two + 1 two — — 


twos 


43. Try each of these: 


ik 10 two + 1 two — 


the 
Be ts they ge 
B. 1000 dee 
4, 100 two “+ 1] yo = tes 


5. 101 two ce 1 i ———— two 


6. LOW rn Lege 


two 
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Be 0 Gea 


b. 11 two 


100 


ll 

100 
101 
Ill 
110 


1000 


44, In base two, 10 two + 10 two = ——?—. 


2» 90 ice b. 100 ino 
45. Lhen, 100+ = 
46. and Wipe Ul ep Se te 


47, Here are some more addition problems with base two numerals: 
1 


2. 


Ove LL get Wins = 
TD geo Ele ETT eee = 
EO ete te Ek iwe te deep = 

10 6 + 10 t¢9 =F 10 tee = 


ll two + ll two + 11 two + 10 two = 


48. Try this one in base two: 


49. 


50. 


1010 two 
+1110 trea 


11011 two 
+1101 two 


TOL 
LO! gi 
1001 two 
keer 

+ 10 two 
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two 


c. 1000 1. 


two 


Two 


b. 100 two 


101 


110 


111 
1001 
100 
110 


1011 


11000 


101000 


100101 


51. 110010101 ,,., 
=“ LOLOTTOL cca 
Sere re 


two 


52. Now find each of the missing addends: 


ibe 10 two + two — 100 two 


2. Li two “l —— two — 100 two 
3. 100 two = ——— two = 1000 two 


hs, tee = 1000... 


5. T101 to + two = 10001 ,,,, 


two a ll two — 100 two 


% SS EO = abi two — 110 two 
8. a a tO: = ct two — ET, two 
9. —— tw. + 101 two = 1000 two 


10. Se Ee + HI two = 1001 two 


Subtraction in Base Two 


53. With certain combinations of digits, subtraction in base two is quite 


simple. For example, 1 ty4 — 1 iyo = two. And 


Ws xo 0 iyo two: 


4, 10 two — 10 iw ———_- two: 


5. 10 two 0 i ee two: 
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1001000010 


10 


100 


il 


10 


10 


56. Now try these subtraction problems: 


two 


i. IT two Ht two — 


2. Il two” 10 two — 


two 
3. 101 two —_ 1 two — ——____—- two 
4, 110 two 10 two — ————_——- two 


5. 111 two ~ 11 two — ——__——- two 


57. So far, the subtraction examples you have seen were quite easy. 
It was not difficult for you to find that 111 ,,, — 11 we 100 4... 
Now you are going to look at problems in which the equal addi- 
tions method of subtraction can be very helpful. For example, you 
would probably want to use this method to find the answer to 
LOO ees Ll cae. 
Another example of this type is —-P—. 


O We — 10, b: 10 oe — 10, & 11g.—1.., 


58. Let's try to find the answer to 10 ino — 1 two. You know from Chap- 
ter 3 that we can add the same number to both 10 ieonaneli he 
without changing the answer to the subtraction problem. 

Suppose you add 1 ,,, to both 10 jy, and 1 ,,,. Then the subtrac- 
tion problem becomes 


a. 11 two 10 two b. 10 tra 10 two e. 11 two 1 two 


— 


59. The answer to this subtraction problem is two, and thus the 


answer to the original problem, 10 jy, — 1 two, is 


two: 


60. Now let’s find the answer to 100 jy, — 10 ino: If we use the method 
of equal additions, we can add 10 ,,, to both 100 two and 10,,, to 
get P—_., 


& 100 rep — 100 tro be 110 po — 100 yes. ©. 110 — 20 ee, 


61. The answer to this new problem is two, and thus the answer 


$6200 fo LO ea is 


two: 
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10 


100 


101 two 11 two 


¢) 


a. 11 two —_ 10 two 


b. 110 two — 100 two 


10 


10 


62. 


63. 


64, 


65. 


66. 


Use the method of equal additions to find the answer to each of 
these subtraction problems: 


Hs 101 two i two — 


two 
2. 110 two a 0 rrr 
3. 110 two 11 two — two 
4, 1000 two ax: 111 two — two 


Sometimes you have to make two equal additions to arrive at the 
answer to a subtraction problem. 


To find the answer to 100,,, — 1 two» We can add 1,,,, to both 
numbers. The resulting problem is 


as LON — fee, bs DOLL = 10 two C+ LOO ino — 10 ino 


P—, 


But the problem can be transformed again. If we add 10,,,, to both 
101 jy. and 10 ,,., we get ——?P—., 


a. 111 two ~_ 100 two b. 110 two —_ 100 two Ce 111 two 20 two 


You know that 111 ,,,, — 100 ,,, = two) and thus the answer 


to the original problem, 100 4.4 — 1 gros is 


twor 


Let's try this problem: 
1000 4 
— JOT 


First we transform the problem to another problem: 


1000 two + two = 1001 two 


101 two ++ = 110 two 


two 


Then we have: 
1001 two 
—1T0 two 


And we can transform this one: 


100] two aie two — 1011 two 
110 two = two — 1000 two 
And we have: 
1011 two 
— 1000 two 
Since 1011 ,, — 1000 ,,, = two, We know that 
1000. = 1015 = ae 
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b. 101 two ~~ 10 two 


a 111] two — 100 two 


11 


11 


10 


10 


11 


Il 


67. 


68. 


69. 


70. 


ra 


72. 


Instead of adding 1 ,,,, and then 10 ,,., in the last problem, we could 
have combined two steps into one by adding —-?—— right away. 


. Tye b. 100 tro C. 1000 ino 


Try this one: 


1000 two 1010 iv. es 
—I0 two “|i two ) —1000 two 


Solving this last problem, you can see that 


1000 two 10 two — ——__—- two: 


Here’s another one: 


1010 two TOLD reer 


two 
—101 two . a > =. 1000 two 


since LOL. — 1000 ., = — you know that 


two 


1010 two — 101 two — ———___——-_ two 


Try this subtraction problem: 


TOO. 
10 two 


two 


Now try this one: 


Here’s another one: 


two 


a. 11 two 


1110 


100 


110 


1101 


110 


101 


101 


10 


lll 


1000 


73. Try each of the following subtraction problems: 


1000 iv 
—110 two 


two 


1001 so 
_ J 10 two 


two 


10001 two 
—1O10 se 


two 


10000 two 
== LET two 


two 


TEL ers 
ALL two 


two 


Multiplication in Base Two 


74, Now let’s take a look at multiplication in base two. The list of basic 


multiplication facts is very simple. 


1. 0 two x 0 two = 


2. 1 two x 0 two — 


two 


3. 0 two x 1 two — 


two 


4. 1 two x 1 two = 


two 


75. If we multiply any number by zero, the answer is zero. 


i; 10 two x 0 two — 


two 
2. i eek Usa two 

8. 100 tee X 0 to = two 
4, DO ee O two two 
5. LT 0 X 0 to = two 
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10 


11 


1ll 


lll 


76. If we multiply any number by one, the answer is the number itself. 


1 10 two xX 1 two — two 10 

2. 11 two x i two — two Aig 

3. 100 two x I two — ——______ two 100 

4, 101 two x 1 two == two 101 

5. 111 two x 1 two — ——————- two 111 
77. Multiplication by 10 jn. is quite easy, For example, 

I] two X 10 two = —?—. 

a. 11 two b. 110 two Cc. 1100 two b. 110 two 
fC, fue 114 a, XS 10 ey 1110 
79. 10 two X 10 two = ——P—. 

a. 10 two b. 100 two Cc. 1000 two b. 100 two 
ih. ne 1000 
Cerin 10 ee ee 10100 
82. Multiplication by 100 ,,. is just as easy. In base two, 

11 two X 100 two — —— p 

a 110 ie be 1100 sg ce. 11000 two b. 1100 two 

$B. WOO ce LOO eg = te 101000 two 
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84. Try the following multiplication problems in base two: 


1, Ol s5. 6 1003, 


2. LTO 506 KX LO\ ee, = 


3. 100 two x 100 two = 


4, TT ere, he LOD cg 


5. 100 56 XK 10 yg = 


two 


two 


two 


85. Now try these multiplication problems in base two: 


iF LOT go: X 1000 tro = 


2. TT eno X 1000), 50 = 


3. Lo OOOO Ce 


4, 11010 two x 1000 two = 


5. 11100011 .,. X 1000 


two 


two 


two 


two 


86. To multiply 11 ,,. by 11 two) we can express one of the 11 ,,,.s as 


10 two + 


two: 


Then we have two partial products: 


EI two x 11 two = { 


The sum of the partial products is 


11 two x ‘ih two — 


two: 


1 two x LL two — 


10 two x 11 two — 


87. We could write 11 ,,. X 11 jy in this form: 


1 two x 


10 two X 
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Il two 
X11 two 
two — 11 two 


two — 110 two 
1001 i. 


two 
two 


two. and thus 


10100 


1100 


10000 


11100 


1000 


101000 


111000 


1100000 


11010000 


11100011000 


ll 


11 


88. Here’s another problem: 


1 two X 101 two = 
10 two x 101 two = 


89. 


1 two x lil two = 


0 re et Ba — 


90. 
Litwo X 111 two = 
100 two X LIL two = 

91. 
10 two x LD. two = 
100 two x 111 two — 

92. 
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101 two 
x 11 two 


two 


1010 ino 


two 


two 


—\— itwo 


two 


1 ih 1 two 
KIOL eso 


1 11 two 
11100 tvo 


two 


I 11 two 


x 110 two 


two 
two 


two 


1001 two 


ald two 


two 


two 


two 


101 


1111 


lll 


1110 


10101 


100011 


1110 


11100 


101010 


1001 


10010 


11011 


93. 


94, 


35. 


1 101 two 


x 101 two 


two 
two 


two 


110 io 


x 101 two 


two 


101 two 


x 101 two 


two 


1 1 1 two 


x aE two 


two 


py Been 


x 110 two 


two 
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1101 


110100 


1000001 


11110 


11001 


110001 


1011010 


Division in Base Two 


98. Now let’s turn to division in base two. You will find that it is very 
easy to divide using base two numerals. 


For example: 


10 two) 1000 ino 


two 100 two 1000 
0 two 
Then 1000 ,,,, + 10 iw. = oS 100 
99. Let's try this problem: 
10 a 1010 two 
two 100 two 1000 
10 two 
10 two two 1 
0 two 
The sum of the trial quotients is , and thus 101 
L010 An = eh 101 
100. Here’s another one: 
Ash tno) 1111 two 
1100 wo = — two 100 
two 11 
ill two 1 two 
two 
Then 1111 two = 1 two = as 101 
Ol. 11a LEO: 
ele Oe 11000 
110 two 
two two 110, 10 
0 two 
1010 


Then 11110 ,,, + 11 two = 
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102. 11 a) 1001 two 


Then 1001 tos Il two — 


two 


103. LOT ese) LIOOL ves 


————_———" EVO 


Then 11001 ye, = 101 266° 


04. 130455) LOOLO e, 


——— tro. 


two 


two 


two 


Then 10010 tyo -- 110 wo = 


05. 111 yo) 1000110 «. 


two 


two 


two 


two 
Then 1000110 two — 111 swe = 
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. 


10 two 


two 


100 to 


] two 


two 


two 


two 


tio 


two 


110 


11 


10100 
101 


101 


101 


111000, 1000 
1110 
1110, 10 

0 


1010 


106. LOT vo.) LLOOLO tee 


110010 two os 101 two — ——— two 
107. 111 two) 101010 ino 

0G) ee 
108. 1001 two) LLOIT two 


11011 to + 1001 two = 


two: 


109. 1. LENOOL gee 
TCO eee 
110. 1101 two) 1110101 wwe 


T1010. = LOT we = 
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two: 


1010 


110 


11 


10011 


1001 


Try Your Hand 


w You have probably found that base two is one of the simplest bases 
of all. Try these problems to sharpen your skill in base two. The an- 


swers appear on page IAL, 


1. In base ten, tell how many items your mother wanted if she sent 


you to the store for: 


9 ae op 


11 tyo pounds of sugar 

. 101 .. ears of corn 

111 jy. heads of cabbage 
. 1000 .y slices of salami 


1010 ,,,. pounds of raisins 


f. 1011 ,,. hard rolls 

g. 1111 ,,,. tomatoes 

h. 10000 ,,,. quarts of milk 
i. 10010 ,,. boxes of cereal 
j. 11111... teabags 


2. Translate these base ten numerals to base two: 


ay Aes 
Da tage 
c. 12 tn 
ds 14 ca 
e. 18 ten 


f, 25 in 
g. OF ten 
h. 85 ten 
i 654, 
Oey 


3. Translate these base two “bulb numerals” into base ten. 


4, In base two, count: 


a. by twos from 10 jy, to 110 two 
b. by threes from 1 ,y. to 111 two 
c. by fours from 10 ty. to 1110 ino 


— 
—— 


d. backwards by twos from 1000 tno to 10 two 
e. backwards by fours from 1011 tno to 11 two 
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5. Solve the following base two addition problems: 
a. LOD ves + 10 ite 
Be: LOM se t= lt 
Ge ge oe as 
d. LOL sep + 110 two 
€. 111] ino + LOL two 


6. Find answers to these subtraction problems: 
VOL veg Ll awe 

« 110 gg — 11 es 

LUO ee, = TLD ane 

» LOOT ces = LO ces 

10000 two — 101 two 


o ao o B 


7. Try each of these multiplication problems in base two: 


eS 2 es 
Ol LL 
LOL too X LOL sxe 
«UL ges XK 11S eee 
LUT peo OX LLL cee 


o MO oO BP 


8. Find the answers to these division problems in base two: 
« LODL ice = LL, 

11001 two + 101 ino 

11000 iyo + 100 two 

100011 yy, = 111 two 

10101 two + 111 two 


go ae oP 


THINK IT OVER 


a Try answering these questions on base two. You'll find that some of 
che questions ask you to extend and develop the ideas covered in this 
shapter. 

l. If you had to choose between base five and base two, which would 
you select? Why? 

2. Why do you think base two is important in industry? Why do many 
computers use base two? 

3. How can you tell when a number in base two is divisible by two? 
How can you tell when a number in base two is divisible by four? 
How can you tell when a number in base two is divisible by two 
but not by four? 
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A Look 
at Base Twelve 


TOE 
Me | AD, Ti 


1901 


A REPLACEMENT FOR BASE TEN? 


™ None of the bases you have seen so far in this program has been 
greater than ten. You have worked in base two, three, four, and so 
forth up to ten. Now you are going to learn about a base which is 
greater than ten. You are going to learn about base twelve. 

In some respects, base twelve is very different from the other bases 
you have seen. In other respects, it is quite the same. As you work 
through this chapter, try to determine whether or not you prefer base 
twelve to base ten. For some years now, the Duodecimal Society of 
America has spearheaded a movement to replace base ten with base 


twelve. 


Using Base Twelve Numerals 


1. In base two, you use two digits to represent numbers. In base five, 
you use ___________ digits to represent numbers. 


Now, if you use base twelve, you would need 


digits. 


2. We already have ten digits from base ten that we can use in base 


twelve. These digits are: 0, 1, 2, 3, 4, 5,6, ___ ame = | 
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five 


twelve 


7, 8,9 


3. Then, to represent numbers in base twelve, we need two more 
digits. We need a digit for ten, and another for eleven. Let’s agree 
to use T for ten and E for eleven. 

In base twelve, then, 9 tweive + 1 twee = T tweive and 


‘le twelve + iL twelve — 


twelve* 


4, Transform the following base twelve numerals into base ten: 


1. 9D astve = ———— ‘fas 
DA il twelve — ————- ten 
3. 2 twelve —- ————— ten 
4, o wae = —_—_— 
5 4 twelve — —————- ten 
6. 5 twelve — ————— ten 
ie Ove ——— 
8. 4 twelve = ————_ ten 
9. 8 txcive = ——_——-ten 
10. [re 
Li TL eee = ———= te 
ioe Uae eee 
5.. In base twelve, 10 twee Means _____. twelve(s) and _____ 
y 
Ome (6). lie 19, LO eee — 2 Eo 
6. The numeral 15 jweve Means ____ twelve(s) and ______ ones). 
chus Lo: eee tes 
7. In base twelve, 19 twee means _______ twelve(s) and 
one(s). That is, 19 terre = ———— ten: 
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1,0 


12 


Li 


1,9 


21 


. OF course, 1T tweive MIeANns twelve(s) and one(s). 1, 10 
So deliy twelve — ten: 22 
. The numeral in base twelve that represents 24 je, is ——?—. 
a. 24 twelve b. 20 twelve Cc. 2E twelve b. 20 twelve 
i UT exciye IMeamIS twelve(s) and one(s). Thus 1057 
T7 twelve — ————_ ten* 127 


. Transform the following numerals from base twelve to base ten: 


1. Oe 62 
2. Ba. = = 137 
3. Ol eae ae ee 82 
4, sl ier en — ee 130 
5. (2 — are 141 


. In base five, the 1 in 10 5. is ——?—— times the 1] in 1 gue. 


a. one b. five c. twelve b. five 


. And the 1 in 100 5. is ——?—— times the 1 in 10 gy. 


a. one b. five c. twelve b. five 


. In base twelve, the 1 in 10 tyerve is ——P—— times the 1 in 1 pyeire- 


a. one b. five c. twelve c. twelve 


. And the I in 100 ,,.1,. is ——?—— times the 1 in 10 


twelve: 


a. one b. five c. twelve c. twelve 
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16. 


17, 


18. 


19. 


20. 


21. 


You know that 10 twee means 1 twelve. So you can see that 100 tweive 
means ] ——?—., 


a. twelve b. one hundred __e. one hundred forty-four 


The 2 in the numeral 12E twee represents ——P—. 


a. 2 ones b. 2 twelves c. 2 one hundred forty-fours 


The 5 in the numeral 5E6 jweve represents ——P—., 


a. 5ones __b. 5 twelves c. 5 one hundred forty-fours 


In base twelve, 124 tweiye means one hundred forty-four(s), 


twelve(s), and one(s), Fhus, 124. 4.= 


And E02 tweive Means one hundred forty-four(s), 


twelve(s), and OH Si ius WON ek eee 


Transform the following base twelve numerals into base ten: 


l. BOD: vaeive tr 

2. 29 aa oe — ee 
3: LIE trees ——————— ton, 
4, DARE twelve — ———————_— ten 
5. 605) Opiate ey = pee me eee 


Changing numerals from base ten to base twelve is not very diffi- 
cult. To change 37 ,.. to base twelve, we must see that in 37 jen 
one(s). Then 


there are twelve(s) and 


37 ten — 


twelve: 
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c. one hundred forty- 


four 


b. 2 twelves 


ce. 5 one hundred forty- 
fours 


2, 4, 172 


288 
1450 
167 
418 


1451 


8, 1 


81 


23. 


24, 


25. 


26. 


27, 


28. 


In 68 ,,, there are twelve(s) and one(s). Thus, 


68 ten — 


twelve: 


You know that in 58 ,,, there are 


twelve(s) and 


ené(s). Thus, 55... = 


twelve: 


Now transform the following,base ten numerals into base twelve: 


1. 14 ten — twelve 
2. 29, ten — —————- twelve 
3. 40 teh: = ——___——_stwélve 
4. 59 fen) — —————. twelve 
By 125 ten — twelve 


When the base ten number is larger than 143 ,.,, we must find out 
how many one hundred forty-fours, twelves, and ones it contains. 


For example, in 145 ,,, there are one hundred forty- 


four(s), twelve(s), and one(s). Thus, 


145 th ——— twelve 


In 157,,, there are __ one hundred forty-four(s), 


twelve(s), and ones). “TDis: MGT ag = ee 


Change each of the following from base ten to base twelve: 


1. 150 C—O 
De 179 ten were 
3: 200 tenes Fey 


4, 360 ten ewelve 
5: 1489 —— twelve 
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5, 8 


58 


4, 10 


4T 


12 
1T 
84 
4E 


TS 


1, 111 


106 
12E 


148 


260 


9EE 


Addition in Base Twelve 


29. Addition in base twelve is quite easy to learn. Try these: 


ile 2 twelve + 2 twelve — 
2. O preive “17 tecive = 
3. Dewcive +4 gies = 
4, 2 twelve + 6 twelve — 


5. 4 twelve + it twelve — 


30. Of course, 5 twelve =P 5 twelve — Ag twelve* Then 


5 twelve + 6 twelve — 


twelve: 


twelve 


twelve 


twelve 


twelve 


twelve 


31. Find each of the following sums in base twelve: 


L D imeive + 4 twelve — 
OF 8 twelve -- 3 twelve — 
oF Ii twelve + £ twelve — 
4, Dh evsien tO! teeley — 


5. 6 twelve + + twelve — 


twelve 


——— twelve 


twelve 


——— twelve 


=== trelvé 


o2, The stim OF Civcir BUG 6 ine 1 ———, 


a. 12 twelve b. 10 


33. Find the sum of each of the following: 


ds 5 twelve + rd twelve — 


2. Au twelve oF 2 twelve — ————_ 


3. 3 twelve + 9 twelve — 
4, 4 twelve ae 8 twelve — 


5. E twelve 6 1 twelve — 


twelve 
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twelve 


twelve 


twelve 


twelve 


twelre 


c. sh twelre 


10 


10 


10 


10 


10 


. 10 twelve 


34. 


35. 


36. 


37. 


38. 


29, 


Since 8 twelve = 4 twelve — 10 twelve 8 twelve Si 6 twelve — ———_____ twelve 


Since E twelve 4- 1 twelye — 10 twelve; E twelve + 7 twelve — 


twelve 


In base twelve, e twelve - 5 twelve — ——____ twelve- 


Find the sum of each of the following: 


1. 9 twelve + 5 twelve — ———___ twelve 
2. 8 twelve + E twelve — ——__— twelve 
3. 8 twelve + 8 twelve — ——____ twelve 
4. T ewelve + 9 twelve — ———__- twelve 


5. E twelve + dk twelve — ——__—_ twelve 


Since you know that 5 tweve + 3 tweive = 8 twelver YOU can see that 


35 twelve + 3 twelve — —____— twelve: 


Since 9 twelve + 9 twelve — 16 twelve 49 twelve te 9 twelve — ————__. twelve: 


Since ae twelve aia ri twelve — 15 twelve> 5T twelve a if twelve — 


twelve: 


In base twelve: 


I. 38 twelve =p 6 twelve — ——_—_—_ twelve 


bo 


49 twelve aie Ab twelre — ——___—_ twelve 
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12 


16 


13 


12 


17 


14 


17 


19 


88 


56 


65 


57 


42. Again in base twelve: 


AEs 27 twelve —- E twelve = 


twelve 

2. 86 ewsive: + DO treve = twelve 
43, Find each of the following sums: 

1, 73 tweive + T tweive = twelve 
2. 14 tweive + 9 tweive = twelve 
3. Owl grates 1 Oltweiye = twelve 
4, 66 twelve + 6 twelve — twelve 
5. A twee — Eivehe — twelve 


44, The sum of 93 tweive and 8 tweive is ——P—. 
a. 9E twelve b. 101 twelve 


45. 9E twelve + 1 twelve — —?P-—., 
a. 10 twelve b. 120 twelve 


46. 96 twelve 7 8 twelve —?—. 
a. 104 twelve b. T4 twelve 


47. Find the sums below: 


ile 95 twelve + rs twelve — 


twelve 
2. 98 twelve + 8 twelve — twelve 
iS Ts twelve + 8 twelve — twelve 
4. LY twelve ate 2 twelve — twelve 
5. T7 Sener Ltecval = twelve 
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86 


93 


81 
21 
46 
70 


89 


a. 9E twelve 


c. TO twelve 


c. T2 twelve 


TO 
T4 
TE 
E0 


ES 


48. Now try these: 


49. 


50. 


51. 


52. 


53. 


54, 


1 
2. 


3. 


In base twelve, EE twee + 1 twelve = 100 twetvee Then the sum of 


347 twelve + T twelye = ———____ twelve 
804 twelve “a 9 twelve) —)—— twelve 

ET7 twelve ah 6 tvelve twelve 
766 twelve + E twelve == = twelve 


43T twelve + E twelve =——— twelve 


EE twelve and 5 twelve is —————— twelve: 


EE twelve + Ak twelve — 100 twelve 


Then 6EE twelve a 8 tvelye — ——____— twelve 


And 9EE twelve + 1 twelve — TOO twelve: 


Thus 9EE twelye + pl) twelye — ———____ twelve: 


Try these addition problems: 


1 


2. 


3. 


4, 


5. 


EE twee + 7 twelve — ———______ tele 
5E8 twelve oe At twelve, = ——___ twelve 
ET twelve Pt twelve — ——_______ twelve 
9E9 twetve T° 4 twat = —— twelve 


SEs twelve ap 8 twelve — ——_—_— _—____ twelve 


In base twelve, 4 twelve =P 5 twelve — 9 twelve 


Thus 40 twelve => 50 twelyre — twelve: 


Since 8 twelve ae fi twelve — 13 twelve 


80 twelve <P 70 ele ————— twelve: 
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355 


811 


EE] 


775 


449 


104 


707 


TO9 


106 


606 


105 


TOL 


604 


90 


130 


5D. 


56. 


57. 


58. 


59. 


60. 


61. 


And since T twelve ae ih twelve = 15 twelve» 


TO twelve “i 70 twelve = —______- twelve 


Find the sum of each of the following: 


1h 10 twelve + 90 twelve = 


twelve 


9. 60 twelve = 50 twelve = 


twelve 


3. 70 twelve a TO twelve —- ————————- twelve 
4. TOO twelve =. 100 twelve —- —————————— twelve 
5. 800 twelve ate 500 twelve = ——___—_——__ twelve 


21 weve + 43 tweive Means 2 twelves and 1 one plus 4 twelves and 


3 ones. Altogether, there are twelve(s) and 


one(s ) . Thus 21 twelve + 43 twelve = 


twelve: 
39 tweive + 18 tweive means 3 twelves and 9 ones plus 1 twelve and 
8 ones. Altogether, there are 4 twelves and 17 ones, but in base 


twelve we would express this as twelve(s) and 


one(s). Thus 39 tweive + 18 tweive = 


twelve’ 


In base twelve: CG 
+26 twelve 


twelve 


65 twelve 
+46 twelve 


twelve 


154 twelve 
+29 twelve 


twelve 
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150 


TO 
EO 
150 
E00 


1100 


6, 4 


5,5 


55 


SE 


TE 


181 


62. 307 twelve 
+196 twelve 


4T1 


twelve 


63. 58 twelve 
+ 73 twelve 


10E 


twelve 


64. 294 twelve 
+135 twelve 


409 


twelve 


65, ° 475 twelve 
+258 twelve 


qalat 


twelve 


66. 10T4 twelve 
+223 8 twelve 


8320 


twelve 


Subtraction in Base Twelve 


67. Subtraction in base twelve is not much different from subtraction 
in other bases, except that you have to be careful using the digits 
T-and E. 


Ive: 
In base twelve 8TT twelve 


—62 twelve 
SS) ae 


a. 348 twelve b. 3E9 twelve c. 248 Ewelve a. 348 tweive 


68. ET twelve 
—7 7 twelve 


twelve 
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69. 


70. 


71. 


72. 


73. 


TA. 


75. 


TET twelve 
—899 twelve 


twelve 


3ET twelve 
—=—21 twelve 


twelve 


IEEE twelve 
—ET9 twelve 


twelve 


T43E8 twelve 
—510T3 twelve 


twelve 


In subtracting E treive from 25 tweive, You can use the equal additions 
method of subtraction. If we add 1 iweiye to both 25 peeve and E twetves 


we have: 


25 twelve 26 twelve 


» 


The answer to this simpler problem is 


—E twelve twelve 


25 twelve —_ E twelve — 


twelve: 


83 twelve [ 85 twelve 


=P twelve = twelve 

Thus 83 twelve i twelve — twelve: 
44 twelve » 47 twelve 
— twelve ae twelve 

Thus 44 twelve —_ 9 twelve — twelve: 
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twelve> and thus 


221 


390 


1012 


53315 


10 


16 


16 


10 


75 


10 


387 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


62 twelve 


—ai twelve 


twelve 


62 twelve 


—4 twelve 


twelve 


32 twelve 
—18 twelve 


twelve 


48 twelve 


—2T twelve 
——_ — tvielve 


E4 twelve 
—OT twelve 


twelve 


4E3 twelve 
— CE twelve 


twelve 


Sometimes we have to use the equal additions method twice: 


twelve 


100 twelve 


= —=16 twelve » —80 twelve 


The answer to the last problem is 


rf — 
100 twelve —_ (6 twelve — 


twelve’ 
306 twelve twelve 
—99 twelve — fi) twelve 


You can see that 306 tweive — 99 twelve = 
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D 


D 


146 twelve 


twelve 


twelve And thus 


329 twelve 


twelve 


twelve’ 


5T 


16 


1T 


16 


405 


106 


100 


46 


46 


809 


100 


229 


a, a 


XXX 
“XX 


84, 


T82 twelve twelve twelve 
—4 8E twelve —490 twelve —500 twelve 
—S — ———— 


Thus T32 twelve —_ 48E twelve — ——_____ twelve: 


85. Use the equal additions method: 


E00 twelve 
—98 twelve 


= twelve 


86. 63T twelve 
—47TE twelve 


twelve 


87. 4073 twelve 
—208E twelve 


————__———bwelve 


88. 842 1 twelve 
60k twelve 


twelve 
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T33, T63 


563 


T24 


17E 


1ET4 


1933 


Multiplication in Base Twelve 


89. Now let’s take a look at multiplication. If we think of multiplica- 


tion as a form of addition, we can say that 


2 twelve x 5 twelve — twelve aie twelve: That is, 
2 twelve x 5 twelve — twelve: 

90. In base twelve, 
3 twelve x 4 twelve — twelve a twelve + 


3 twelve X 4 twelve — twelve(s) and 


3 twelve x 4 twelve — 


twelve: 


OL, 3 twee 5 tweive = twelve(s) and 


words, 3 twelve x 5 twelve — 


twelve 


92. 4 twelve Ap twelve — twelve(s) and 


4 twelve x ai twelve — ———____ twelve: 


93. In base twelve, 4 tweive X 9 twetve = ——?-—. 
a. 36 twelve b. 80 twelve Cc. 40 twelve 
“94. And 5 tweive X T twetve = ——P—. 


a. 50 twelve b. 5T twelve c. 42 twelve 


95. 7 twelve x 5 twelve = 


— twelve: 


96. 2 twelve x E twelve — 


twelve: 
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twelve+ That is, 


one(s). Thus 


one(s). In other 


one(s). That is, 


5,5 


4,4, 4 
1,0 


10 


1,8 


13 


38, 4 


34 


b. 80 twelve 


c. 42 twelve 


2E 


lit 


97. Find the answer to each of these multiplication problems: 


1; MOitengot Shands = Seales = 
2, Tae A tears = an ae 
%. bia Sen = _— of 
A, 4 wave XX Otweive = twelve 18 
5. .  Qevavs XS eretve = svelte 0 
98. Try these base twelve problems: 
Le — Bietre XE cpaive = radi 29 
2 Dai ware eo twelve == twelve T 
3: Scie Le rare — paren 68 
A “Cian a eae eae 56 
5; T twetve X T tweive = twelve 5T 
99. And, finally, try these: 
ig IL eaeive OS Olgas — aap 76 
2, a One aes 42 
B,. Laas Lucke= = og 
4, Bare eee = cdkive i 
5, Ey etive <b tare = twelve 92, 
100. Since you know that 
caus Sige ls winks 
you can easily see that 
30 tweive X 5 tweve = ——?P-—. 
as 180 ‘ease Bp 150 aie open a. 130 twerve 
101; Ghiebase twelvect ssa: X40 ecg = eave 140 
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TO 


102. And 5 twelve x 20 twelve — 


twelve: 


103. Find the answer to each of these multiplication problems: 


1. Teweive X 20 tweive = ————— twetve 120 
2: Ofrgive 2 5 enlye = —— cin 160 
3. D meas os OO tae Se 210 
A, Teele MO Sas eee Se 2E0 
5. O vain 26 OO tpdins Se 460 
104, In base twelve, 7 tweive X TO tweive = a twelve: STO 


105. 4 twelve x EO twelve ———— twelve: 380 
106. Ay twelve x 70 twelve — ————_ twelve 5TO 
107. E twelve x TO twelve — ————————- twelve: 920 
108. And now try these: 
1. E twelve x 50 twelve —- ———————— twelve 420 
2. 5 twelve x EO twelve — ———————— twelve 470 
3. 2 twelve x EO twelve —- ———————- twelve 1T0 
4, 3 twelve x TO twelve —- ————————- twelve 260 
5. al, twelve x TO twelve —- ———————— twelve 840 


[ 157 ] 


109. 


110. 


Ill. 


112. 


113, 


114. 


115. 


In base twelve, 30 tweive X 20 iweive = ——?—. 
a. STO twelve b. 600 twelve c. 6000 twelve 


EO twelye x 20 twelve — ——?—_.,, 


a. 1T00 twelre b.- 200 twelve c. 9200 pare 
E00 twelve xX 30 twelve — ——Pp—_., 
a. 3E000 twelve b. 33000 twelve Cc. 29000 tweles 


TOO twelve x 500 twelve: ——_—____ twelve: 


Try these multiplication problems in base twelve: 


ie EO tweive X T00 teretve == —— twelve 

2. TOG) erated 6 OOO trae ee Eadie 
3. A) weirs DX COU eee pene 

4, OO cweten 8 DODO carne Se Grelve 


In solving the problem 2 twee X 14 twelve YOU can write the two 
partial products: 


2 twelve x 4 twelve — 


twelve 
2 twelve x 10 twelve — ———___ twelve 


twelves and thus 


The sum of the partial products is 


2 twelve x 14 twelve — ee twelve: 


Let’s try 3 twelve x 16 twelve? 


3 twelve x 6 twelve — 


twelve 


3 twelve x 10 twelve — 


twelve 


Thus 3 twelve x 16 twelve — 


twelve 


[158 ] 


b. 600 twelve 


a. 1T00 twelve 


Cc. 29000 twelve 


420000 


92000 
560000 
10000 


210000 


16 
80 


46 


116. To find the answer to T ineve X 43 twelves YOU write: 


ITT, 


118. 


119. 


120. 


= twelve x 3 twelve — 


iL twelve x 


Thus TE twelre x< 43 twelve — 


Now try F twelve x 245 twelve: 
£ twelve x 5 twelve — 


JG twelve x 


twelve — 


twelve: 


twelve — 


T twelve x —— twelve — 


Adding the partial products, you find that 


T twelve x 245 twelve — 


Try dB twelve x 63 twelve: 


The answer is iveive. 


Try T twelve x 162 twelve! 


The answeris__.—— twelve: 


Try E twelve x 1234 twelve* 


The answeris_-— twelve: 


[ 159 ] 


twelve: 


twelve 


twelve 


26 


40, 340 


twelve 


366 


twelve 


twelve 


1E82 


526 


1318 


11108 


121. When we multiply 23 weve by 45 weve we have four partial 


products: 
3 twelve X 5 twelve — ——____—_ twelve 13 
3 tweive X 40 tweive = ——___—twetve 100 
20 iwetve % ° 5 twelve — ———___—- twelve TO 
20 tweive X 40 twelve —°—___ "twelve 800 


When you find the sum of the partial products, you find that 


23 tretve X45 teive = ——__+* terete 9E3 
122, 
C8 are 
SET wate 
L ne Seca = ars 68 
Dawei os CO eee ereiee 500 
20 icigaine (9 tasive = — gerade 140 
20 eseivg 6D seane = vniee 1000 
DU sy OE tae % OSke ae en 16T8 
123. 
GT pas 
SEB wetce 
Diccie  Liwae = peice 42, 
© tveve X60 rete = wees 260 
EO ice SL yg aoe 920 
E50 ewe OX O0 twats == epaiva 5600 
his Beppe Oil cotey Stott! “Oe Cai ee 6602 
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124. This one has six partial products: 


E twelve x 4 twelve — 


E twelve x EO twelve — ————__— 


E twelve x 300 twelve — 


TO twelve x 4 twelve ——— 


TO twelve x EO twelve — ————_—— 


TO twelve x 300 twelve — 


Thus TE twelve x 3E4 twelve — 


125. Try this one in base twelve: 


126. Now try this one: 


127. And finally, try this one: 
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3E4 twelve 


x TE twelve 


twelve 
twelve 
twelve 
twelve 
twelve 
twelve 


twelve: 


E3 twelve 


x E4 twelve 


twelve 


T9 twelve 


x 9T twelve 


twelve 


121 twelve 


x 87 twelve 


twelve 


38 


T10 


2900 


340 


9200 


26000 


37088 


T760 


8986 


TOT7 


Division in Base Twelve 


128. Just as we find partial products in multiplication problems, we 
find partial quotients in division problems. In base twelve the 
partial quotients will be 1 tweive, 10 tvever 100 tweive, 1000 twerves and 


so forth. 


For example, 10 twee + 4 tweive looks like this: 


4 ieee) 10 twelve 
4 twelve 


8 twelve 


twelve 


twelve 
4 twelve 


0 twelve 


iS twelve 


Adding the partial quotients, you find that 


10 twelve =m 4 twelve — 


twelve: 
129. Here’s another one: 


45 teiize) 925 twelve 


twelve 


twelve 


450 twelve 


twelve 


45 twelve 


0 twelve 


Thus 925 twelve cs 45 twelve — 


130. ET vag) 207T twelve 


twelve 


109T twelve 


twelve 


twelve 


ET twelve 


0 twelve 
Thus 207T twelve = ET twelve — 
[ 162 ] 


10 


twelve: 


10 


twelve: 


twelve 


twelve 


twelve 


twelve 


twelve 


twelve 


twelve 


twelve 


4,1 


450 


21 


ETO 


21 


131. 


132. 


133. 


134. 


135. 


9TE twelve ) E768E twelve 


9TEOO twelve ———- twelve 


1878E twelve 


T89E twelve 


9TEO twelve ———— twelve 


9TE twelve 


9TE twelve == twelve 


0 twelve 


And so E768E twelve ~~ 9TE twelve — ——_______ twelve 


T8 twelve ) IT28 twelve 


twelve ———- twelve 


ae LI eLve 


twelve twelve 

twelve 

twelve twelve 
0 twelve 


Thus 1T28 twelve = T8 twelve: = ———__—= tratves 


Try this one on scrap paper: 
E6 twelve’) 21T6 twelve 


The answer is 


twelve 


Now try this one: 


TE4 twelve ) 2T7T8 twelve 


twelve: 


The answer is 


And finally, try this one: 
4T eee) 4T98 twelve 


The answeris_ twelve: 
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twelve ——__——twrelre 


100 


121 


T80, 10 
E68 
T80, 10 
T8 


T8, 1 


21 


28 


82 


102 


Try Your Hand 


m The answers to these questions appear on page 171. 


1. Transform the following base twelve numerals to base ten: 


ay ide re ex TO wave i, UDOg are 
bDewlEee are fe TE: sass j> 20E twee 
Ci BOlwcive g- 104 tev 
d. 56 twelve h. 163 twelve 


2. Now transform these base ten numerals to base twelve: 


a. 27 «. €. 84 ten i: 150 ce 
b. 39 ten f. 87 ten is ane 
C. 46 ten g. 100 ten 
de il ten h. 106.1 


3. Find answers to these addition problems: 
a. 16 twelve = 8 twelve d. 35 twelve ca 2E twelve 
b. iT twelve “p 6 twelve é. ‘ET twelve =P 3T twelve 
Cc. TO twelve = E twelve 


4, Find an answer to each of these base twelve subtraction problems: 
a. IT twelve —_ i twelve d. 73 twelve 3T twelve 
b. 40 twelve —_ E twelve e. 100 twelve —_ 5E twelve 
c. 6E twelve —_ 40 twelve 


5. Here are some multiplication problems in base twelve. Find the 
answer to each: 
a. 15 twelve x 7 twelve d. 34 twelve x 1E twelve 
b. 42, twelve x £ twelve é. 4T twelve x il twelve 
c. 16 twelve x 12 twelve 


6. Find answers to these base twelve division problems: 
a. 10 twelve a 4 twelve d. 286 twelve = 13 twelve 
b. ZE twelve a 7 twelve e. 925 twelve eae 45 twelve 
c. 1ET twelve = ibd twelve 


THINK IT OVER 


m Try these questions. They will cause you to think hard about base 
twelve. In some cases, you will be forced to extend what you learned in 
this chapter. 


1. The Duodecimal Society of America has long tried to introduce the 
use of base twelve numerals in everyday affairs. What advantages 
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does base twelve have over base ten? What disadvantages might 
there be in making a change from base ten to base twelve? 


2. Why are the symbols T and E used in base twelve? Must we use 
these symbols? 


3. How can you use your knowledge of base twelve to help you solve 
problems involving measurement of time, distance, and weight? 
Where else in the world about you do base twelve ideas play an 
important role? 


SUMMING UP 
@ You can use the following questions to help you review what you 
have learned in this program. Try each question and then turn to page 


171 to see whether you answered correctly. 


1. Transform the following numerals to base ten: 


a. 13 five d. 100 four 
b. 33 four @ 211 size 
Cc. 47 nine 


2. Transform the following base ten numerals to the base indicated. 


a. 3 ten — ? five d. 26 ten — f five 
b. 8 ten — 3 four é. 23 ten — p three 
c. 1 ten = ? seven 


3. Find answers to the following addition problems: 
a. 21 eight + 3 eight d. 414 six + 305 six 
b. 16 nine oF 15 nine e. 44 five + 30 five 
Cc. 22 three oF 12 three 


4, Find answers to these subtraction problems: 
a. 46 nine 5 nine d. 102 Bix ee 20 six 
b. 21 five 4 five e. 22] four 132 four 
Cc. 50 seven 31 seven 


5. Try these multiplication problems: 


a. 4 five x 40 five d. 44 six x 22 six 
b. 30 four x 110 four é. 22 three x 120 three 
Cc. 26 eight x 30 eight 
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10. 


Find answers to the following division problems: 


a. 410 six Sioa 10 six d. 376 nine zee 28 nine 
b. 26 nine eer 8 nine é. 511 seven Scr 32 seven 
c. 211 five > 24 five 


Find the missing part in each example below: 


a. 3 five nF ? five — 12 five d. 6 seven x ? seven — 42 seven 
b. 12 three ~_ p three — th three e. 42, five + ? five — 103 five 


Cc. P eight Gos 2 eight = 4 eight 


Transform each of the following numerals to base ten: 


a. 10 two d. 3T twelve 
b. 10 twelve e. 110 two 
©, 100i. 


Transform each of these base ten numerals to the base indicated: 
a. 4 ten = ? two d. 15 ten = ip twelve 
b. 9 ten = P two e&. 24 ten = ? twelve 
c. 11 ten = r twelve 


Find answers to the following examples: 


a. i twelve + 5 twelve d. 10101 two oo EEL two 
b. 15 twelve ~_ i twelve é. 110 two x bi two 
c. 100 two 1 two 


Do It Yourself 


@ Here are several projects which will help you to learn more about 
number bases. Do these and challenge yourself to think about other 
projects you could attempt. 


oe 


‘You can make a “base wheel” for transforming numerals from one 


base to another. Cut out a circular piece of cardboard and draw on 
it several concentric (having the same center) circles. In one ring, 
write the base ten numerals from 1 to 20. In another ring, write the 
corresponding base nine numerals. (Be sure to line up each base 
nine numeral with the proper base ten numeral.) Then use another 
ring for base eight. You can continue until you have used up all the 
rings. You'll have a very easy job transforming numerals from one 
base to another. 


It is possible to make a slide rule for addition in various number 
bases. Here’s how to make such a slide rule for base five: First take 
two strips of cardboard, label them A and B, and mark off twenty 
or twenty-five equally spaced points on one edge of each strip. 
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Then label the points consecutively, using base five numerals. 
To add 4 gx» to 3 give, We place the 0 mark of the B-scale next to 
the 3 mark of the A-scale. 


(0) 4 B- Scale 


0 3 12 A-Scale 


Then we locate the 4 mark on the B-scale. It matches up with 12 g, 
on the A-scale. Thus, 4 tie + 3 sive = 12 tives 

Make a slide rule for base nine. How can you use this slide rule 
for addition? How can you use it for subtraction? Try to invent a 
similar device for multiplication in base nine. 


What does a fraction such as } mean if the numerals are written in 
base eight? If in base ten, the decimal equivalent of 3 is .5, what 
is the octal (base eight) equivalent of 3? Find ways to express the 
octal equivalents of 4, 3, 4, 4, and #. Prepare a report showing re- 
lationships and differences between octal and decimal representa- 
tions of fractions. 


Do some research and write a paper on the use of base two in 
computer work. 


Do some research to learn about arguments in favor of replacing 
the decimal (base ten) system with the duodecimal (base twelve ) 
system. 


Looking Ahead 


™ Lf you want to extend your knowledge of number bases, and if you 
want to do some very interesting reading of mathematics in general, 
you should take a look at the following books. 


AnpREws, F’. Emerson. New Numbers. Harcourt, Brace & World, 1935. 


3axsT, AARON. Mathematics, Its Magic and Mastery. D. Van Nostrand 


Co., 1952. 


fouNsON, Dovovan A., and GLENN, WittiAmM H. Understanding Nu- 


meration Systems. Webster Publishing Co., 1960. 


JCHOOL MATHEMATICS Stupy Group. Mathematics for the Junior H igh 


School (Revised Edition), Volume I, Part I. Yale University Press, 
1961. 


Cerny, GeorcE S. The Dozen System. Longmans, Green and Co., 1941. 
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TRY 


YOUR HAND ANSWERS FOR CHAPTER 1 


ime tes ins. 2, alos | fe 2B ass, 
Ds eres g. 36 ten {Ppp i Bi le ae fs 23 sane 
Cs" 36 en by 15. C; 21 ae be 19 usa 
des, i 108 d. 33.0 i W6y.e 
e. ten j: ten e. 30 seven j: 10 twenty-one 
3: as 20". ECO ex 4. a. base eight f. base three 
bs 20)... 2. 20 iweive b. base six g. base seven 
a ee Mie: LS seventy c. base seven _h. base five 
ra Ue el eat le Line d. base eight i. base eight — 
e€. 13 sour 1h. LO ses e. base six j. base thirteen 
5. a Ul, ey Be 6. a. base six f. base four 
Dee 25 Gicce b. base three g. base three 
Cs. Te, He 5 ie c. base seven _h. base thirty 
arses. PaO uen d. base eight i. base two 
&. 4 ten jp ores e. base five j. base twelve 
% OoG. ff (Omer 8. as WO £. A20 ex 
bet, ce baeihe BAIA ton 
Cha Ovten By 10 cs Lcramee (vo h. 800 ten 
ds 6%. I, 16 son d. 160... i 1226),,. 
e. ten j- 64 ten e. 400 ten j: 625 ten 
9. a. 1 sires 3 tives 10 tiver 12 tives 14 tive, 21 five 
b. 53 six, 55 atx, 101 41, 108 «105 six 
c. 17 nines 15 nine» 13 nine» ib nine» 8 nine» 6 nine 
d. 1 threes 10 threes 12 threes 21 three» 100 threes 102 three 
e. 1 eights 5 eights Il eight» 15 eights 21 eight> 25 eight 31 eight» 35 eight 
f. 100 fours 30 fours 20 fours 10 fours 0 four 
g: 33 ten» 40 ten> 47 ten» 54 ten> 61 ten 
h. 5 six> 12 Six) 15 six? 22 six 25 six> 32 six 
i, 21 ten» 26 ten> 31 ten 36 ten> 4] ten> 46 ten> 51 ten> 56 ten 
j: 2 threes 12 threes 22 three» 102 three 112 three» 122 three» 202 three 


‘YOUR HAND ANSWERS FOR CHAPTER 2 


Ue “a8 1030 aot, 233 4. 2, By 1210... 
b. 1862 eignt + 46 nine Ds Woe ces 
c. 1003 3. he 170 eent Ch 220s. 
d. 133... 3 2010 sane d'; DOOU sms 
Grol sie — j- 201242 
Sy Byes... f. 300 ton 4, a. base seven f. base four 
bs Ao? x, g. 3300 ton b. base eight g. base eleven 
es Que. he 23545, c. base five _h. base fourteen 
d. 405 ton 1627 5. d. base four i. base two 
€. 63 ten j- 410 ten e. base seven j. base seventeen 


5. a. 4 
b. 7 
cG: 5 
d. 11 
e. 15 

7. a. Yes 
b. No 
c. Yes 
d. Yes 
e. No 

9. a. Deven 
baelieee 
Cc. 20 sixteen 
d. 0 sitteen 
Cre evcive 


fc Ro TP SheTp eee ey 


020 op 


YOUR HAND ANSWERS FOR CHAPTER 3 


Li 3 nine 


e 12 four 


i 1 13 eight 


105 seven 
3200 ix 


nine 
nine 


nine 


0 
1 
2 nine 
3 
4 nine 


13 ten 


seven 


nine 


» 80 nine 
134 six 


51 six 
303 four 


° 342 five 


7368 nine 
2012 three 


. base ten 
. base seven 


base nine 
. base eight 
base three 


Ts poe. 6 
fon) 


fe G8 Frcaiy 
g fifteen 
h. 72 twelve 
i. 520 fifteen 
j- 0 fifty 


f, 1002 0. 
g. 3653 ten 
h. 1025 wine 
i. 3000 sour 
j- 1645 sient 


5 nine 
d 6 nine 


nine 


nine 


10 nine 


Teo Stgq mr 


124 eight 
: 88 ten 


seven 


21 four 


444 five 


Teor Eaq er 


2. 


10. 
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e 2 S' 2 


o Rome 


ce Romp 


a. 
b. 
c. 
d 


f ao ow eae op 


i 


12 seven 


fs eight 


12 


seven 


15 nine 


Ht eleven 
eleven 


10 eleven 


: 22 eleven 


1800 eleven 


2 three 


3 four 


five 


0 D six 


20 twenty 
twelve 


27 sixteen 


U 27 twelve 


fourteen 


It. 


we Egq ph 


tom aq op 


. 1347 
. 223 


roa m9 


wo Egg ph 


Ta io ee) =D 


r Ege pp 


S Re op 


seven 


3300 eleven 


eleven 


eleven 


140 eleven 
124 eleven 


TRY YOUR HAND ANSWERS FOR CHAPTER 4 


Voae Alice 2. a. 40 wx f. 14300... 
b. 40 sive bi Woga. g SOB icine 
CHZ20 Gee CG, TZ ace ) Fe BOTS an 
di 1120... d.. 1625.5 iE 1495 4. 
Qe 211. €. 330 fice j- 1470 ta 

5. ay 10d. f. 369 ten 4, 5. 0534. £. 957, 
Ds. LED oa g- 462 ton b. 408 ..n g- 1026 ten 
cs 968)... ns loa. ©. 1693\ a h. 46906 ,.., 
d. 320 son 1 50 ccc d. 665 ton 1, Ol3646, 
é€. 1320 tn Is STA sen e. 1034, fj. 879824 to, 

By Ge 1 f, 145. 6. a. base eight 
by 12 ccs, CTS eras b. base nine 
Ce Ul sean hy. 12 ose c. base five 
LIEN: ee Aeralllgens d. base four 
€. O ton j 10.4, e. base seven 

7. a. impossible  f. impossible 8. a. 4 £.. 2 
b. base eight g. impossible b. 7 g. 4 
c. base six h. base sixteen c. 2 h. 15 
d. impossible i. base twenty-one d. 5 tae ee! 

e. base five j. base thirteen e. 30 j. 23 

9. a. 16 sce 10. a. 208 ton 
Do. LP eh b. 216 sc 
Cn 20 aan C. 560 ten 
d. 46 sinc ds. VIG ion 
@. 24 stent e. 945 ton 

TRY YOUR HAND ANSWERS FOR CHAPTER 5 

) a: ed bl ee Fee When Be Be oe, f. 43 ina 
be 4 a f. 1S xa Db: Aes. ae bi Pees 
Co diane Jie 22 src Cab x | Nee 
de 13.4. Hie] ere de Tec. LE 130... 
Tac ie TM eicg Ste. Gee 

3. as 18 en is UO ves 4, a. Yes f. No 
be slBh acon of LOZ os b. No g. Yes 
Cy 18 Fine m. 102.4. c. No h. Yes 
d. 104 cient 1S LU ce d. No i. Yes 
e. 18 ton a3 e. No j- No 

5. a. base five 6. a. No f. No 
b. base nine b. No g. No 
c. base ten c. Yes h. No 
d. base six d. No i. Yes 
e. base three e. No j. Yes 
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1. 


YOUR HAND ANSWERS FOR CHAPTER 6 
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a 3 ten £ Tes 2. ax 16053, f. 110015. 
be 5 ton B15 tas bs UU, g- 100000 i» 
CHPieen HeghG ce. 1100 ,,., h. 100011 ,,., 
iS sean iter lot tes de Oe, i. 1000001 ,,,. 
€; LO, fr Ole. e. 10010 ,.,., j- 1000110 ,,,, 
a A ten fs 29... 4. 8s. 10) 100 S10 fwo 
bs 64.. g. ten Be Dh seis LOD cares LUD ae 
(oid bl lees bh, 2A Ce 10 two, 110 to, 1010 trop 1110 two 
d. 13 wa hE 20 ca, €. 1000 ter; 110 2, 100 sen dO oe 
e. 16 sen j- tan Cy TOUT oop LED gree UT gan 
a es Os Bs 10 ae % & 1001.5, S.A, 2. 
b. 1000 .., Ded. be EET b. 402, 
c. 1010 .,, cea c. LIOOT ... e. 110.9 
d. 10001 ,,., dy Wego d. 101010 ,,., ct 
e. 10100 ,,, e. 1011 .,, e. 110001... es 11, 
YOUR HAND ANSWERS FOR CHAPTER 7 
as Ci. f -T8lries Bs As 2Bhvdive Fs TSigeaice 
bi 23g, g. 148 un De BSiimcice g- 84 iweive 
C. 39 ton h. 219 ten Cc. twelve h. twelve 
d. 6642, i, 264... ds ‘BE eweice Re al ete 
e. 120 ten j- 299 ten é. 70 twelve j- twelve 
Boe. te Delon. 5, gH ceive G. Biot, 
b. twelve b. 31 twelve b. 358 twelve b. twelve 
Cc. TE twelve c. 2E twelve Cc. 190 twelve c. 11 twelve 
d. 64 twelve d. 35 twelve d. 648 twelve d. 22 twelve 
e. 138 twelve e. twelve é. 52T twelve é. 21 twelve 
~~ANSWERS TO SUMMING UP 
a Si oa. 3 3. aD cone 4.0%, Alias a a. B10 4, 
by 154. b. 20 De 32 ce, D. ee b. 3300 sour 
C. 43 ton e. 21 & Wives c 16 2— C. 1020 aut 
d: 16.1 d. 101 d. 1128 ,,. d. 42 a. d. 1452 
é. “565. 2, 212 e 12456 6. 23. €. 11110 three 
as Al ie lin, Bs Abvers 8-8 Dies 9. a. 100 10. a. 13 trerve 
bsie bade. br 1232 b. 1001 ia Se 
C. A tive B 10537 G 4 c. E Cr ee 
ee d; Buss, d. 46 son di 18 d. 11 so 
&. 14g. elit nes ree e. 20 e. 10010 ino 
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